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Abstract

We prove a large deviations principle (LDP) for systems of diffusions (particles)
interacting through their ranks when the number of particles tends to infinity.
We show that the limiting particle density is given by the unique solution of
the appropriate McKean-Vlasov equation and that the corresponding cumulative
distribution function evolves according to a nondegenerate generalized porous
medium equation with convection. The large deviations rate function is provided
in explicit form. This is the first instance of an LDP for interacting diffusions
where the interaction occurs both through the drift and the diffusion coefficients
and where the rate function can be given explicitly. In the course of the proof,
we obtain new regularity results for tilted versions of such a generalized porous
medium equation. © 2016 Wiley Periodicals, Inc.

1 Introduction

Systems of diffusion processes (particles) interacting through their ranks have
recently received much attention. For a fixed number of particles N € N, these are
given by the unique weak solution of the stochastic differential system (SDS),

N

dX;(r) = Z bjlix;)=xndt
j=1
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where by, by, ..., by are arbitrary real constants, 01, 02, ..., 0x are arbitrary pos-
itive constants, Wy, Wa, ..., Wy are independent standard Brownian motions, and
X)) < Xo)(t) < --- < X(n)(¢t) are the ordered particles at time 7. In this pa-
per we study the behavior of the solution to (I.T]) as N becomes large in the regime
when [bj 1 —bj| + IUJ-ZJrl - ajzl = O(N~1)forall j (see Assumptionbelow
for the details). In other words, the drift and the diffusion coefficients of a particle
change slowly as it changes its rank in the particle system.

The existence and uniqueness of the weak solution to were shown in the
work [3]], which was motivated by questions in filtering theory. The system (1.1))
has also reappeared in the context of stochastic portfolio theory under the name
first-order market model (see the book [14] and the survey article [23]]). In the
latter context, our choice of the regime [b; 11 — b;| + |O']~2_H — 0].2| = O(N
agrees with the economic intuition that a small change of a company’s rank cannot
lead to a large jump in the growth rate and the volatility coefficient of its mar-
ket capitalization. Due to its central role in the analysis of capital distributions in
financial markets and long-term portfolio performance therein, as well as its in-
triguing mathematical features, the ergodicity and sample path properties of this
model have undergone a detailed analysis in the case where the number of parti-
cles is fixed (see [|6,/7,18-20]). Moreover, concentration properties of the solution
to for large values of N have been studied in [34]], and an analogous infinite
particle system has been constructed and analyzed in [33]].

In [36] it was observed that the SDS can be rewritten as

dX; (1) = b(Fon ) (Xi (1))ds

(1.2) .
+ 0 (Fon (X (1)))dW;(t), i =1,2,....N,

where pN (1) = % ZIN=1 8x; (r) is the Fjn (4 is the corresponding cumulative dis-
tribution function (CDF), and b : [0,1] — R, o : [0,1] — (0, c0) are functions
satisfying b(j/N) = bj, 0(j/N) = oj forall j = 1,2,..., N. The represen-
tation gives rise to questions on the large-N behavior of the empirical measure in
(T.2), where the mathematical challenge is due to the discontinuity of the diffusion
coefficients in (I.2). A law of large numbers (LLN) for o™ (¢) is obtained in [36]
for nondecreasing i +— X;(0), with {X;(0) — X1(0)} chosen according to the
stationary distribution of the process of spacings between consecutively ordered
particles in (I.2) (in particular, assuming that b and o are such that a stationary
distribution exists). In this case, it was shown that the limiting particle measure
path t — y(¢)(:) satisfies the McKean-Viasov equation

(1.3) / £ dy(o) - / £ dy(0) =
R R

t
/ ds / [b(Fy(s)(-)) £+ %o(Fﬂs)(o)zf”]dy(s)
0 R
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for all Schwartz functions x — f(x) and any ¢ > 0 (hereafter dy(s) is shorthand
for integration with respect to the probability measure y(s)(-) on R at the fixed time
s). Further, the corresponding CDF-path R?) (¢, x) := F,)(x) evolves according
to the nondegenerate generalized porous medium equation with convection (see
[37]] and the references therein for a thorough treatment),

(1.4) Ry = (E(R))xx — (T(R))x,

where £(r) = [; 30%(u)du and T'(r) = [ b(u)du.

In this paper, we establish a large deviations principle (LDP) for the sequence
{p : N e N} of paths {pN (¢) : t € [0, T]} of empirical measures, where T > 0
is arbitrary but fixed throughout. Among other things, this LDP implies the LLN
for {p : N € N}. Such LLN and the LDP upper bound are shown under the mild
regularity Assumption[I.2Jon the functions b, o and the initial empirical measures
{pN(0) : N e N} (dispensing of the stationarity assumption on the process of
spacings, which plays a crucial role in [36]). Our next definition is useful for
stating Assumption[I.2]

DEFINITION 1.1. Let M (R) denote the space of Borel probability measures on R,
endowed with the Lévy distance metric

dp(or, a2) = inf{e > 0 [ @1(0) < a2(O0¢) + ¢,
@2(0) < a1(0O¢) + € Yopen O C R}

(where O¢ stands for the e-neighborhood of O in R). Then, for ¢ € [0, 1] let
MI(L) (R) denote the subset of all u € M;(R) such that [ |x[*Tdpu < oo and
g—‘; € L99(R) for some go > 1.

Assumption 1.2. 0; = o(j/N)and b; = b(j/N), where:

(a) The function A := %02

is bounded on [0, 1].
(b) The function b(-) is Lipschitz-continuous on [0, 1].
(¢) As N — oo the deterministic initial empirical measures {p" (0)} converge

weakly to some pg € MI(L*)(R), tx €(0,1], and

is uniformly bounded below by some a > 0, and A’

sup / x| 1T dpN (0) < 0.
NEN]R

(d) The function A’ is Lipschitz-continuous on [0, 1].

Throughout the paper we let € = C([0,T], M1(R)) stand for the space of
continuous functions from [0, 7] to M1 (R) endowed with the metric

(1.5) d(y1(),v2()) = sup dp(y1(1), y2(?)).
t€l0,T]
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Further, throughout we adopt the convention that % = 0, and identify each y € ¥

with the corresponding CDF-path R®) (¢, x) := Fy)(x). The following spaces of
functions then play a major role in our LDP on %"

DEFINITION 1.3. Let. denote the space of functions g on Ry := [0, T'] x R that
are infinitely differentiable and such that, for all ¢t € [0, T], g(,-) is a Schwartz
function on R. Next, let

= 0
o :={y €6 :RY € Cy(Rr), y(0) € MO (R),
1 [g g(t,-)dy(t) abs. cont.on [0, T] Vg € SN,
and foreach: € (0,1, u e M 1(0) (R), define its subset
(1.6) Aoy =Ly ed y0) =p. [ |x|"Tdy()dr < oo}.
Further, we use

Fy = {R — RY) .y €%, Ry, Rex € LYRT), Ry € L3(Ry),
(1.7)

R2 R2
iR e L@}

X

with .7 := F3/, and

2 ~
ifyeo, R=RY ¢ Z,

N 1 H Ri—(A(R)R:)x+b(R) Ry
(18) J(]/) = 4 (A(R)Rx)!/2 L2(R7)

00 otherwise,

with J, ;,(y) defined as in (1.8) except for replacing there o by the smaller <7, .
Our main result then reads as follows:

THEOREM 1.4. Under Assumption with 1, = 1, the sequence {pN: N €
N} satisfies the LDP on € with scale N and the good rate function Ji p,(-) of

Definition[1.3]

Remark 1.5. As shown in Proposition [2.6] (and Corollary [2.3), the exponential
tightness of {p™} and the LDP upper bound of Theorem ith rate Jy, po(*)
apply for any value of ¢, > 0 in Assumption [I.2c) and do not require part (d) of
Assumption |1.2]

In view of the preceding remark we have the following LLN.

COROLLARY 1.6. Under Assumption[1.2Ja)—(c) for some t,. € (0, 1], the sequence
{pV 1 N e N} converges almost surely to the unique path y, € 9, po for which
RY) e Zisa generalized solution of the Cauchy problem

(1.9) Ry = (A(R)Rx)x —b(R)Rx, R(0.-) = Fpy(").
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PROOF. Setting J := J,, p,, recall Remark [I.5] that the exponentially tight
{p™V} satisfy the LDP upper bound in the metric space (%, d) with some rate func-
tion 1,, p,(-) > J(-). Necessarily, /,, ,, has compact, nonempty, level sets and in
particular J1(0) = {y € € : J(y) = 0} is nonempty (and precompact). Con-
sidering the LDP upper bound for the complement of any finite §-cover of J ~1(0),
we further deduce by the first Borel-Cantelli lemma that a.s. d(p, J~1(0)) — 0.
From the explicit formula ((I.8)) we know that J ~10) c A, po» and furthermore,
to each y € J~1(0) corresponds RW) e Z, which is a nonnegative continuous
bounded generalized solution of the problem (1.9) in the sense of [17, def. 4].
Recall [[17, theorem 4] that such a generalized solution is unique. Consequently,
J71(0) = {y.} is a single point to which p" converges a.s. when N — oo. O

In [8], the authors prove an LDP for systems of diffusions with the same con-
stant diffusion coefficient, where each drift coefficient is a continuous function of
the value of the diffusion and the empirical measure of the whole system. In this
context the (local) LDP is established by a clever application of Girsanov’s the-
orem, which allows one to move from the system of interacting diffusions to the
corresponding system of independent diffusions (in the event that the path of em-
pirical measures is near a deterministic path of probability measures). Such an
approach is not viable in our case because of the interaction through the diffu-
sion coefficients in (I.2)). Moreover, the discontinuity of the drift and the diffusion
coefficients presents an additional challenge. Even on the level of the LLN as in
Corollary|[I.6] previous works had to assume that there is no interaction through the
diffusions coefficients (see [4,[5,21]] and the references therein), or be restricted to
special initial conditions (see [[36]]). We overcome these challenges but remark that
our analysis relies on the particular form of the drift and the diffusion coefficients
in (1.2).

A crucial part of the proof of Theorem [I.4]is devoted to the study of generalized
solutions to porous medium equations with tilt

(1.10) R; = (A(R)Rx)x + h A(R)Rx.
The following regularity result, which we need in the proof of Theorem|[I.4] is also
of independent interest.

THEOREM 1.7. Let R € Cp(R7) be such that, for every t € [0, T], the function
R(t,-) is the CDF of a probability measure y(t). Suppose that R is a general-
ized solution to (I.I0) with initial condition R(0,-) = F,(-), where A(-) satisfies

Assumption a), uwem 1(0) (R), and h is a function on Rt such that

(1.11) / h2(t, x)dy(t)dt < oo.
R7

If; in addition, y(-) satisfies the moment condition for some t > 0, then y €
<, and R € Fy of@forallg <q<3.
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2 Outline: Proofs of Theorems 1.4 and [1.7]

In this section we establish Theorems [I.4] and as consequences of Proposi-
tions[2.2]and [2.5H2.7] The latter are in turn proved in the following five sections, in
the order in which they are stated here. We note in passing that the proofs of Propo-
sitions [2.2] and [2.5] are of analytic nature (relying for proving Proposition [2.2] on
results from [25}26,[29]] about parabolic equations with non-smooth coefficients),
whereas those of Propositions [2.6|and [2.7] are mostly probabilistic, involving tools
from large deviations theory and stochastic analysis. More precisely, the local large
deviations upper bound of Proposition [2.6]is established by integrating suitable test
functions against pV, proving a Freidlin-Wentzell-type local large deviations upper
bound for the resulting processes and optimizing over such test functions; the local
large deviations lower bound of Proposition[2.7|is shown via a tilting argument that
relies on an appropriate Girsanov change of measure.

We proceed with a few notations and definitions that are used throughout this
paper. First, we write m for the Lebesgue measure on R7 = [0, T] x R, (a, f)
for [g f de, any f in the space of continuous bounded functions Cp(R) and any
a € Mi(R), with (o, f)(s) = [g f(s.-)da(s,-), in case of s > f(s,-) € Cp(R)
and s > a(s,-) € M1 (R) (or more generally, whenever f(s,-) is integrable with
respect to a(s, - )). We further let <57x ={gx:8 € 7 } denote the space of spatial
derivatives of test functions from .%.

DEFINITION 2.1. Setting
@.1) H'g = g1 +b(RV)gx + ARM)gxx.

with the functional

(2.2) Dy (1, 8) = (r.8)) — (v.8)(0) — /0 t(% Y g)(s)ds
on.7, ®,(g) := ®,(T. g), and inner product

23 (£.gy = [ frgx ARyt

Rr

on ., we consider the (rate) functions on % given by

sup, . APy (g) — (g.8)yl. ¥ € i p,
2.4) Lu(y) = { gestmy y o
fo’e) otherwise.

Theorem[I.7]is a direct consequence of the following proposition (which is also
key in proving Theorem [I.4).
PROPOSITION 2.2. Suppose Assumption[1.2(a) holds and the function b(-) is uni-

formly bounded. If 1, ;,(y) < oo for some « > 0 and pu € Ml(o)(R), then

RW ¢ Fq for all g <q< % Namely, RY) = R such that
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(A) Ry € L3(Ry),
(B) Ry, Ryx € LY(Ry) forall & <q < 3,
©) fRT

PROOF OF THEOREM [I.7l After integration by parts in space, we see that hav-
ing R = R®™) as a generalized solution of (I.10) is equivalent to

R%, R7
7= dm < oo, er x-dm < oo

t
2.5) ®,(1.g) = - [O (5 b(R)gx + hA(R)gx)(s)ds

forany g € . and ¢ € [0,T]. In particular, upon comparing 2.2) and 2.3),
we deduce that ¢ — (), g)(¢) is absolutely continuous for any g € .7, and thus
y € 4, (for R € Cp(R7), and the moment and initial conditions have all been
assumed in Theorem [1.7). Further, taking here » = 0 without loss of generality,
we see that for y as in Theorem[1.7]

Lp(y) = sup [ [ has —A(R)fz)dy(t)dt]

rez g,

= s [ [ cracwry —A(R)fz)dy(t)dt]-
SEeL?2(R7,dy(¢)dr) Ry

The latter supremum is attained for f = —%h and its value is finite due to our
assumption (I.TI). Consequently, in this case /, ;,(y) < oo and by Proposition

such R = RW) satisfies the regularity properties (I.7) for all g <qg < % as
claimed. O

We start the proof of Theorem by establishing the following corollary of
Proposition

COROLLARY 2.3. Suppose A(-) satisfies Assumption a), u € MI(O) (R), and
b(-) is uniformly bounded. If I, ,,(y) < oo, then J, ;,(y) = 1, (y). In particular,

Jouw(y) < L,u(y) forally € €.
PROOF. Fixing y € 7, with

Lou(y) = SuPN[ch(g) — (8. 8)y] < 00,
gey
consider the Hilbert space H given by identifying and completing . under the
seminorm corresponding to the inner product (-, ), of . By scaling, the lin-
ear functional ®,,(-) is bounded on 7 by 2,/1,,;,,(y) times this seminorm, and with
A(-) uniformly bounded below, if (g, g),, = 0 then by (2.1)—(2.3) also @, (g) = 0.
Hence, there exists a unique bounded linear functional ®, on H which coincides

with ®,, on 7. Now, by the Riesz representation theorem, there is a unique ele-
ment & € H, which satisfies 5), (g) = (h, g)y forall g € H. Combining this with
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the fact that .7 is by definition dense in H, we obtain that

_ ~ 1 ~ ~

(2.6) 1,u(y) = sup [CDy(g) - (g’g)y] = sup [(h,g)y - (g,g)y] = Z(h,h)y-
geH geH

Furthermore, by the definition of i and ®,,, we have that hy € L?*(Rr,dy(t)dr)

satisfies

t ~
@.7) ®,(1.g) = /0 (. AGRD) i g)(s)ds

fort = T and any g € 7. In particular, considering Schwartz functions g sup-
ported on R; we have that (2.7) also applies for any ¢ € [0, T]. Comparing this
with (Z:3) we deduce that R = R is a generalized solution of the PDE (T.10) for

_ 7 B
(2.8) h=—hy— AR

By the assumed boundedness of %, clearly i € L?>(Ry,dy(t)dt). By Theorem
this implies in turn that R;, Ry, and the L (R7) density Ry are elements

of L3/2(R7) and, moreover, the functions R,R;l/z, Ri/z, and RxxR;l/2 are

elements of L2(R7). Thus, the identity
R — (A(R)Rx)x
(A(R)Rx)1/2
holds in L2(R7). Finally, putting (2.9), (2.8)), and (2.6) together, we end up with

2.9) h(A(R)Rx)'/? =

1/2

1, ~
Lou(y) = 2 [ (ARPYRY) | Loy = Jin ()

of (L.8), as claimed. O

Corollary allows us to replace the function /1 p,(-) of the large deviations
upper bound for Theorem (see ([2.13)), by J1,p, () of the corresponding lower
bound (see Proposition [2.7). The task of proving such a lower bound is further
simplified thanks to the next proposition, for which we first introduce some relevant
notations.

DEFINITION 2.4. Let ¢ denote the subset of {y € € : J(y) < oo} for which
R := RY) ¢ Co°(Rr), Ry is strictly positive, and (T.10) holds pointwise for
some h € Cp(R7) with x — A(t, x) uniformly Lipschitz-continuous on R.
PROPOSITION 2.5. Suppose that Assumption [1.2[a), (b), and (d) hold, and that
J1,u(y) < oo for some . € Ml(l)(R). Then there exist y©€ = (1 — £~ 1)y€ +
(711€ € G for some i€ € MI(O) (R) and y€ € € such that

(2.10) sup/ |x|2 dy€(0) < oo,
€
R
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(2.11) lim limsup d(y%€,y) =0,

€—>0 {—o0
(2.12) lim sup lim sup J (y©€) = J;_u(y) < oo.
€e—>0 (>0
We proceed to state our basic local large deviations bounds.
PROPOSITION 2.6. With B(y, §) denoting the open ball of radius § > 0 centered at

arbitrary y € €, under Assumption [I.2(a)—(c) we have the local large deviations
upper bound

1
(2.13) lim lim sup — log P(pY € B(y,8)) < —1I,, o (¥).
§10 N—oo N

Moreover, the sequence {pV : N € N} is exponentially tight in the sense that for
any M < oo there exists a compact set Kpy C € for which

1
(2.14) limsup — log P(o"V ¢ Kpr) < —M.
N—oo N

PROPOSITION 2.7. Under Assumption a)—(c) with 1, = 1 and {y*€} C 4 of
Proposition 2.5}

(a) Assumptionc) holds for pg’e = ye’e (0), tx = 0, and deterministic initial

empirical measures {p™"¢€(0) : N € N} such that
(2.15) lim sup lim sup lim sup d(p™, pN€) = 0.
€e>0 (—»o00 N—oo

(b) The corresponding local large deviations lower bound
1 ~
(2.16) liminf — log P (o™t € B(y%<,8)) = —J (y%9)
N—oco N
holds for any £, €,6 > 0.

PROOF OF THEOREM[L.4l From [10, theorem 4.1.11] and [10, lemma 1.2.18]
we conclude that Theorem [I.4] follows once we show that for J = J1,p, and any
Yy €,

1
(2.17) limlimsup — log P(pY € B(y,8)) < —J(y).
8 N —o00 N
1
2.18 limliminf — log P (" € B(y,8)) > —J(y),
(2.18) bim lim inf - log (o (7.6)) = =J(y)

and that the sequence {p" : N € N} is exponentially tight in the sense of (2.14).
To this end, note that {p™, N € N} is exponentially tight (by Propositio%

and the upper bound is a consequence of Proposition [2.6|and Corollary [2.3]
Next, it clearly suffices to establish the lower bound (2.18) when J(y) < oco. To
this end, fixing such y and y*€ € ¢ as in Propositi (where & = pg), we
know from part (a) of Proposition and (2.T1) that, for any 6 > 0, € < €o(§),
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L > Lo(e, ), if pN’e’e € B()/e’e, 8), then pN € B(y,36) for all N large enough.
From part (b) of Proposition[2.7| we deduce that then

1 ~
liminf — log P (p™ € B(y,38)) = —J ().
N—oo N
So using (2.12) we get (2.18) by taking £ — oo, then € |, 0, and finally 6 | 0. [

3 Proof of Proposition 2.2(A) and (B)

Throughout this section, A(-) satisfies Assumption[I.2[a), and the function b(-)
is uniformly bounded. Then, fixing ¢ > 0, u € M{(R), and R = R®) for
y € € with I, ;,(y) < oo, we prove Proposition[2.2(A) in a series of three lemmas,
starting with Lemma by showing that Ry € L3/ 2(R7), which we improve in
Lemma to L? estimates on Ry for all % < p < 3. Finally, Lemma estab-

lishes the uniform boundedness of the corresponding norms when u € M 1(0) (R),
resulting with Ry € L3(R7).

LEMMA 3.1. If R = RY) and I, (y) =1 < oo forsome i € Mi(R), then:

(a) The function a .= A(R) is uniformly continuous on Rr.

(b) The measure dy(t)dt on Rt has a density with respect to the Lebesgue
measure on Ry, whose L? norm restricted to any strip Sy = [0,T] x
[n — 7.n + 7] is bounded by a constant C(T, I,r) < oo (independent of
n € 7). In particular, this density is locally square integrable, so that the
weak derivative Ry exists as a function in leoc (R7).

(¢) The weak derivative Ry is an element of L3/ 2(R7).

PROOF.

(a) Recall that A(-) is assumed to be Lipschitz, so it suffices to show uniform
continuity of R = R on R7. We further assumed that y € 7 ;, hence R €
Cp(R7) is uniformly continuous on compact sets. In addition, the continuity of
t — y(t) with respect to the topology of weak convergence in M;(R) implies
that the image {y(¢)}e[o,1] of the compact [0, T] is compact in M7 (R), hence by
Prokhorov’s theorem, uniformly tight. Consequently, for every o > 0, there exists
finite M = M, such that

3.D sup max(R(¢,—x),1 — R(t,x)) < «,
tef0,T],
x>M
extending the uniform continuity of R to all of R7.

(b) Setting hereafter S,, = Sy 2, it suffices to show that the inequality

(3.2) / V(@ 0)dy(O)dt < CT. DY
Sn
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holds for some constant C(T, 1) < oo, all n € Z, and any continuous ¥ : S, —
R4. Indeed, this implies the existence of the Radon-Nikodym derivative R, =
dy(¢)dt /dm on Ry, whose L?(S,) norm is bounded by C(T,I) (by the same
argument we used en route to (2.6)). Turning to proving (3.2)), by definition of
1, ,(y) and the identity inf; ~o{Ay? + 27122} = 2|yz|, we have that for C; =
2(T1||Alloo)'/? finite, a(z, x) := A(R(t, x)), and any g € S,

1/2
(3.3) c1||gx||oozzll/2( / (gx)za(z,x)dy(r)dr) > 0, (g).
Ry

Considering first n = 0, we use [25] theorem 2] (taking there d = 1 and f (¢, x) :=
(T —t,x)). It provides a universal finite constant C, and space-time kernels
k€(t,x) = e 2£(t/€)E(x /€), € > 0, for some infinitely differentiable probability
density £(-) of compact support, with the following property:

For any continuous ¥ : So +— R there exists bounded mea-
surable 7 : Ry +— (—o00,0] (depending on ), nondecreasing in
t, and supported on a larger strip So 4 within which it is convex
in x such that for any € > 0 small enough, the smooth functions
Y€ = ¥ % k€ and z¢ = 7z x k€ satisfy on the intermediate strip
So,3 the inequalities

(3.4) Ve=0:c2yf < Gz + e 25y),

1
(3.5) §|z;| <—z¢ <G|yl

In the preceding, the compact support of z is specified in the proof of [25, theo-
rem 2] after [25} display (29)].

Picking a [0, 1]-valued truncation function ¢ € 7, supported on So 3 with
¢ = 1 on Sp,2, we note that for each € > 0 as above, the nonnegative function

g = —z%¢ isin ., supported on Sp 3 such that by (3.5) both ||g|lcc and [|gx|lco
are bounded by C3 ||y |2 (for the universal constant C3 = (2 + ||¢x ||oo)C2). Con-
sequently, applying the bound (3.3)) for such choice of g, we deduce that

CLClY = @y (g) = — [ (g0 + agun)dy(1)dr

50.3
= Tb(R)|loollgxlloo — 180, )loo-

Next, with ¢, ¢, and ¢x, uniformly bounded by some universal constant Cy,
it follows from Leibniz’s rule and (3.5)) that

[(gr + agxx) + (27 + azs )Pl = |2°(dr + adxx) + 2a¢x 25|
< C2C(1 4+ 5allco) 1V |l2,
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out of which we deduce by simple algebra that

(3.6) Cslly | = / (2 + azs, )¢ dy(n)dr
So.3

for finite Cs depending only on 7, [|/||cos ||Allco, and the constants C;, i =
1,...,4. With z nondecreasing in ¢, so are z¢ = z * k€. Furthermore, as £(-)
has compact support, the convexity of z in x within Sp 4 implies that z€ is convex
in x on Sp, 3 provided that € > 0 is small enough. Thus, both z¢ and z$, are non-
negative, so considering for the strictly positive ¢ = a of Assumption[I.2]a)
and recalling that ¢ = 1 on So = So,2 (with ¢ > 0 elsewhere), we have from (3.6)
that

G5y ]2 = G2 /(Zj + azs, )¢ dy(t)dr > sz(Zi + ez )dy(t)de
So So

> cl/Z/w dy(t)dt.
So

With ¢ € Cp(So), clearly ¢ — ¢ uniformly on So when € | 0, leading to (3.2)
for n = 0 and the universal finite constant C(7, ) = C>Csc~'/2, which depends
only on T, I, and the functions b(-) and A(-) on [0, 1].

To extend to other values of n € Z, let u,(-) := u(- + n) and note
that the path y,(-,-) = y(-,- +n) € 4, if and only if y € 4 ;. Setting
next go(-,-) = g(-,- + n), we clearly have that (y,, Z""g,)(s) is independent
of n for each s € [0,T]. Hence, I, ;,(y») = I and, since to any nonnegative
Y € Cp(Sy) corresponds nonnegative ¥, (-,-) = ¥ (-,- +n) € Cp(Sp), by the
preceding proof:

/W(I,X)d)/(l)dl = /K/fn(LX)an(l)dt < C(T, DYnl2 = C(T, DY 2
Sy So

(as C is independent of the initial measure). This completes the proof of part (b).

(c) Fixing n € Z we already know that R, € L?(S,) for p = 1,2. Further,
upon applying the Cauchy-Schwarz inequality with respect to Lebesgue measure
on §;, we have that

1/2 1/2
/R;/de < (/Rxdm) (/Ridm) :
S S S

n n n

We have shown in part (b) that the rightmost term is bounded uniformly in 7, so
our claim that the left side is summable over n € Z follows from the finiteness of
Y jj=1 Kns With iy := (fg Ry dm)'/2. Next, taking « > 0 as in the given moment

condition (T.6), we get by Cauchy-Schwarz that for ¢y := 3,15 |n|~(1+9 and
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¢z := sup{|n/y|'"** 1 y € Su, |n| = 1} finite,

2
() =a ¥ b caca 3 [ Iy Ratty)dm(e. )

[n]=1 In|=1 Inl=1g,

< C16‘2/ ly[* Tt dy(r)dr < oo
Rr
(see for the rightmost inequality). O

LEMMA 32. If R = R™) and I, (y) < oo, then Ry exists as an element of
LP(Ry) forall % <p<3

PROOF. Weﬁx% <p< 3andset% <q< 3suchthat% + é = 1. For any
given nonnegative f € .., we consider the backward Cauchy problem
3.7) ur+alt,)uxx + ft,x)u=0, u(l,-)=1
with a(t,x) := A(R(t,x)). While a(¢,x) € Cp(R7) is not differentiable in x,
recall from part (a) of Lemma that it is uniformly continuous and bounded
away from 0. Considering [26} theorem 2.1] for w := u — 1, such a(-,-) and any
f e L"(Rr), we see that has a weak solution, for which w = u — 1 is an
element of W,""*(Rr). Further, here f € LY(Ry) N L2(R7) N L3(Ry7), from
which it follows that the norm bounds of [26, theorem 4.1] can be refined to an
estimate on the norms in L4(R7) N L?2(R7) N L3(R7). From the latter estimate,
we conclude upon applying the method of continuity (see, e.g., [30, sec. I11.2]), that
for f € 7 the problem has a weak solution, for which ¥ — 1 is an element
of W, 2(Ry) N W, *(Ry) N W, "> (Ry).

Next, let Y (-) denote the canonical process having the law P of a diffusion with
generator a(z, x)d‘ic—z2 (which exists thanks to uniform continuity and the bound-
edness of a from above and below). Applying Itd’s formula in the form of the

last identity in [27, chap. 10, theorem 1] (again using the boundedness of a from
above and below), we obtain the stochastic representation of such a weak solution

of (3.7),
T
(3.8) u(t,x) = EP [exp ( / £(s. Y(s))ds) ( Y(1) = x].

The latter representation implies that u > 1, and by Portenko’s lemma (see [35] in-
equality (6)], note that it only relies on the standard heat kernel estimate for the
diffusion with law P and that g > % throughout this proof), there is a nondecreas-
ing function G4 : [0, 00) — [1, c0) depending only on % < g < 3 (and not on f)
such that
1< M([,X) = Gq(”f”Lq(RT))’ (I,X) € RT-
Next, observe that the nonnegative v := log # inherits the bound

(3.9) 0=<v(t.x) <Ge(l fllLars)). (t.x) €R7.
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Recall that u;,ux, € L3(R7), and with u € WZI’Z(RT) further u, € LS(Rr)
(by the parabolic Sobolev inequality in the form of [29) chap. II, lemma 3.3]),
which for positive u bounded away from 0, imply also that v;, vy, € L3(R7) and
Vy € LO(R7) (With vy + v)zc = Uxy/u). From this it follows in turn that m-a.e.
on Rz such v and its generalized derivatives satisfy the backward equation

(3.10) Ve +a(t, x)vex +a(t, x)v: + f(t,x) =0, v(T,-)=0.

Recall that while proving Corollary we found in (2:8) a function i whose
L2(R7,aR.dm) norm is bounded by Cg := 212 + ||b|loo(T/a)"/? (due to
(2.6) and the assumed bounds on b(-) and A(-) > a), so that, for any g € .7,

G1) ()T - (r.)0) = f (g1 + agx — agxh) Ry dm
R7

(consider 7). With R, € L32(Ry) (by part (c) of Lemma and Holder’s

inequality
2/3 1/3
[ 1oream < ([ ram) " ( [rolam)
R7

we deduce that v;, avy,, and avfc are integrable with respect to Ry dm (as is ah?).
Thus, with v bounded, we get from (3.11) upon approximating v in a suitable
(mixed) norm by functions g € ./ that

) = GO = [ i+ aves = aveh) R dm.
Ry
The latter identity, in combination with (3.10)), results in

/ fRydm = — / (Vxh + vZ)aRy dm + (y,v)(0)
RT IRT

1 1
<! / RaRydm +  sup v(t.x) < ~C2 + Gg(llf lLep)-
4R (t.x)eR 4
T

where the first inequality is merely the nonnegativity of the L?(R7, aRxdm) norm
of vy + h/2, and the second follows from (3.9). With C¢ independent of f, we
have that the linear functional f > fRT fRyx dm is bounded on 7 with respect
to the L9(R7) norm, hence Ry € LP(R7) for1/p = 1—1/gq, as claimed. O

LEMMA 3.3. Suppose R = RY) and I, (y) =1 < oo for some pu € Ml(o)(R).
Then Ry € L3(R7).

PROOF. Recall from Lemmathat Ry € LP(R7) forany p € [%, 3). Hence,
Ry € L3(Rr), provided p — | Rx |l »® ) is uniformly bounded over such p, as
we prove here.
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Step 1. Recall thata(z, x) = A(R) and fRT (g7 Rx+gxt R)dm = 0 (integration
by parts in x). When substituted in (3.11)), these yield that the path of CDFs R =
RMjsa generalized solution of the Cauchy problem

(3.12) R; — (A(R)Rx)x = hA(R)Rx, R(0,-) = Fu,

with respect to the collection 5’; ={gx: g € 7 } of test functions, for some
function & whose L?(R7,aR, dm) norm is bounded by finite Cs = Cg(T, I).
That is,

(3.13) / (g2 R)(T. x)dx — / (g2 R)(0, x)dx =
R R

/(gxtR — gxxaRy + gxhaRy)dm
Rr

forany g € .
Next, applying for f = A(R) R, Holder’s inequality in the form of

q/2 q/2p)
(3.14) /|h|qfqdm < (/ |h|2fdm) (/ dem)
R7 Rr R

T

with % < p < 3 and % + % = 1, namely g := % € [g, %) we deduce that
hA(R)Rx € L9(R7). Thus, by the regularity theory for the heat equation (see
inequalities (3.1) and (3.2) in [29, chap. IV] or [26l theorem 2.1]), we have that the

function

t
Vi, x):= /()/(hA(R)Rx)(s, V)t —s,x — y)dyds,
R

obtained by convolving with the heat kernel ¢(r, x) = (471)~ /2 exp(—x2/4t), is
a generalized solution of the auxiliary Cauchy problem

(3.15) Vi —Vxx = hA(R)Rx, V(0,-)=0
(with respect to the collection %c). In addition,
| V”WJZ(RT) < C7[|hA(R) Rx ”Lq(RT)v

where C7 < oo is a uniform constant (which in particular does not depend on ¢
as long as g belongs to a compact interval). Thus, V € qu’z(RT) and, due to

the parabolic Sobolev inequality (in the form of [29, chap. II, lemma 3.3]), also
V.Vy € L"(Ry) forany g < r < p’ where p’ := (é — %)_1 = 364_—171). Further, the

constants in this parabolic Sobolev inequality can be chosen uniformly over p in
any given compact interval; hence for some uniform Cg < oo and all p € [%, 3),

(3~16) ”Vx”LP’(RT) = CSHh A(R)Rx”Lq(RT)
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where ¢ = psz and p’ = 36+—pp. Similarly, the function
203 i= [ Fuott.x - )dy.

R

is a classical solution of the initial value problem
(3.17) Zi—Zxx =0, Z(0,-)=Fy,.

Since Fu(y) = [ Y 0o 0(2)dz for 6 := ?i—f:, clearly Z, is given by the convolution
(in space) of 8 and the heat kernel ¢(¢, - ). Consequently, by Fubini’s theorem and
Young’s inequality, for any p,g > 1 suchthatl/p+1/g = 1/r + 1,

T T
1Ze ey = [ 17t < 100y [ 10 eyt

By assumption u € MI(O)(R), so # € L'(R) N L9%(R) for some qo > 1,
and hence the norms [|0||Ler), 1 < ¢ =< go, are uniformly bounded. Further,
o, )lLr®) < 1~(»=1/@P) forall t > 0 and p > 1. Considering ¢ = qo A r,
with p > 1 such that for 1 < r < 3 the value of r(p — 1)/(2p) is bounded away
from 1, we conclude that || Zx || ®r,), 1 < r < 3, are uniformly (in r) bounded
by some finite Co9 = Co(T, ||0||4,)-

From (3.12)), (3.15), and (3.17) it follows by a direct computation that U :=
R —V — Z is a generalized solution of the Cauchy problem

(3.18) U — (A(R)Ux)x = [(A(R) - 1)Vx + (A(R) - 1)Zx]x, U(0, ) =0,

with respect to test functions in 5’; (interpreted via integration by parts in ¢ and x,
similarly to what we have done in (3.13))).

Step 2. 'We proceed to obtain the uniform-in- p bounds on L? norms of Uy (and
thereby those of Ry) out of the bounds we already have for Vyx and Z,. To this
end, recalling part (a) of Lemma [3.1] refining the norm estimates in [26] theorem
6.2] to estimates in L?(R7) N L? (Rr) with p’ = ;r—pp, and applying the method
of continuity (see, e.g., [30, sec. II1.2]), we deduce the existence of a solution U
of the problem (3.18) in the space .7, (T") N ¢, (T') defined in [26]. In particular,

U e LP(Ry), Uy € LP (R7), and
(3.19) ”l/]\”LP/(RT) + ||l/]\x||Lp/(RT) = C10(||Vx||Lp/(RT) + ||Zx||Lp/(RT))

with p’ = % and where the finite constant C19 = C19(7, || A]l0o0,@) can be
chosen uniformly for all 2 < p’ < 3.

We show in Step 3 below that U = U Lebesgue a.e. on Ry. Thus, U, €
LI’/(RT) and consequently also Ry = Uy + Vy + Z, € LI’/(]RT). Hence, com-

bining the norm bounds (3.16) and (3.19) with Holder’s inequality (3.14) yields the
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estimate
1/2
(3.20) IRl Lo @®ry < CrillRxll sy + Cr2

for the finite constants C;; = (1 + Clo)Cg(C6||A”oo)1/2 and C12 = (14 C19)Co
(both independent of % < p < 3). Since p’ > p > 1, by Jensen’s inequality
(for the convex function x 7" ~D/(P=1) and the probability measure 71 Ry dm on
R7), we deduce that for any p € [%, 3)

IR, Py < Cu3ll Rell Lo -

where r(p) = g((pp_lg 1 and C13 = max(1, 7/2) is finite. Combining this
with (3.20) we conclude that

”Rx ”Lp(]RT) S maX{l, C13 (Cll ”Rx ”i/pz(RT) + CIZ)}-

As explained before, having || Ry |z »®,) bounded, uniformly over % <p <3
yields that R, € L3(R7) (whose L3-norm is bounded by some C(7, I) finite).
Step 3. Turning to show that Lebesgue a.e. U = U on R, we start by verifying

that R—Z € LP(Rr). Indeed, as |R — Z| < 1, it suffices to check this for p = 1,
in which case by the triangle inequality

/|R Z|dm</(1—R)dm~|—/(I—Z)dm+[Rdm+/de

Rt R R

(3.21) /|x|Rxdm+/|x|Zxdm

where R; = [0,T] x Ry, R} = [0, T] x R—, and the last equality applies since
R(t,-) and Z(¢,-) are CDFs having densities R, and Z, with respect to Lebesgue
measure on R7. Since y € . ,, the first term on the right side of (3.21) is

finite (see (I.6)), whereas the second term amounts to fo [1Y + W(2¢)|]dt for Y
of law u, independently of the standard Brownian motion {/¥}. By the triangle
inequality, the latter term is at most %(2T)3/ 247 fR |x|du, hence finite (since
ne M”R)).

Now, with R — Z € LP(R7), and having seen already in Step 1 that V €
LP(R7) (by the parabolic Sobolev inequality for V € qu’z(RT)), we conclude
that U = R—Z —V € LP(Rr). Similarly, Ux € L?(RT), since Ry € L?(Rr)
(from Lemma 3.2, and we have already established in Step 1 that Z, € L?(R7)
and Vy € LP(R7).
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Recall that 7 € L' (R dm),so V € L' (Rr), and hence U € L'(R7) as well.
Now, fixing g € .77 we let

(322) f(t,X):—/ g(l"y)dy’ (I’X)ERT,

and claim that, for Lebesgue almostevery 0 <t <, < T,

2
[Uf,dm:

R

1

(3.23) /f(tz,x)U(tz,x)dx—/f(tl,x)U(tl,x)dx—/
R R

15}
- /t / [ARYUx + (A(R) — 1)(Vi + Zy)] fy dm.
! R

Indeed, from the weak formulation of the PDE in (3.18) we have (3.23)) when
f e %C This in turn extends to all f as in (3.22)), by the uniform joint approxi-
mation on compacts of the continuously differentiable and bounded ( f, f7, fx) by
(g,8:,2x) for some g € 7 (taking such a compact large enough that the con-
tribution to (3.23) from its complement is as small as desired, which we can do
since A(R)Uyx + (A(R) — 1)(Vx + Zx) € LP(Ry) and U € L'(R7)). Next, in-
tegrating by parts in space on the left side of (3.23)), we conclude that the function
Wi(t, x) = ffoo U(t, y)dy is a generalized solution of the Cauchy problem

(3.24) Wi = A(R)Wxx + (A(R) = )(Vx + Zx), W(0.:) =0,

on R (with respect to test functions from 57) This, Wyxx = Ux € LP(R7p),
Vi € LP(R7),and Z, € LP(R7) imply Wy € LP(R7). Thus, in view of [26,
norm estimate (6.1)], we have that U € J7,(Rr), sothat U = U Lebesgue almost
everywhere by [26| theorem 2.4]. O

PROOF OF PROPOSITION [2.2(B). From the proof of Lemma [3.3| we recall that
R—Z,Zx,Ry € L"(Ry) forall r € [1,3]and V € W, >(Ry) forall ¢ € [&, 3]
(where, since Ry € L3(R7), the argument leading to (3.16) now applies also for
p=3andg = %). Consequently, V;, Vyx € L9(Rr) for any ¢ € [g %] and,
by the parabolic Sobolev inequality (in the form of [29| chap. II, lemma 3.3]), also
V,Vy € L (Ry) forany p' = (3 —3)7' € [3,3] Since U = R— Z -V, this
in turn implies that U, U, € LP?(Rr) for all p € [%,3]. Further, Z; = Z,x €
L4(R7) forall g € [g, %]; hence it suffices to show that U € qu’z (R7), as then
Ui, Uxx € L41(R7), implying the same for R; and Rx,. To this end, rewriting
(3.18)) we have that U solves

(325 U — A(R)Uxx = A'(R)Rx Uy + [(A(R) — )V + (A(R) — 1) Z],

6 3
53]
there exist r, p € [%, 3] such that % + % = é, so with A(-) and A’(-) bounded,
by Holder’s inequality and the preceding integrability properties, the right side in

with respect to test functions in 5%;, starting at U(0,-) = 0. For any ¢ € |
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(3.25)) belongs to L4(R7) forall ¢ € [g, %] Thus, ﬁ)iing q € [g, %] we may apply
[26, theorem 2.1] to deduce that there is a function U € qu’z(RT) N W;/’; R7)
that satisfies

U — A(R)Uxx = A'(R)Rx Ux + [(A(R) = DVx + (A(R) = DZy]x
and l7(0,-) = 0. In particular, ﬁ, ﬁx € L3(RT). Now, we let ¢, k € N, be
a truncation sequence such that ¢ € C*°(R), 0 < ¢ < 1, ¢ = 1 on [k, k],
¢x = 0on (—oo,—k — 1] U [k + 1,00) and max(|¢, |, |¢;]) < 2. Next, fixing
k € N, weset A = or (U — U ). Then, Aisa generalized solution of the problem
(326) A= (AR)AL)x + A (RRcAx = i, A0.-) =0,
with respect to test functions in 57,;, where

Ui = —AR)L (U —U) —24(R)¢; (U — U)x

is in L3(R7). Further, ¥ (¢, x) = 0 for all x € (—k, k), so by our choice of ¢y,
(3.27) kli)ngo lVellL3wsy =0

Now, a careful reading of the proof of [29| chap. III, theorem 3.3] shows that the
solution of the problem (3.26)) in the space WZO’1 (R7) is unique and satisfies

_ T _ q92/q1 1/g2
(3.28) ||A||W20’1(RT) < Cg(/o (/ | |1 dx) dl‘)
R

for all ¢ € [2, o¢0] and g5 € [2, 4] with f]Ll + q% = 1 provided that

T q2/q1
/ (/ |A"(R) Ry |1 dx) dr < oo.
0
R

We choose g1 = g2 = 3, so that the latter condition is satisfied. In addition, by

(3.27) and (3.28)), the norm ”K”WO’I(RT) tends to 0 in the limit k' — oo, and we
2

conclude that U = U € qu’z(RT), as claimed. O

4 Proof of Proposition 2.2 C)

The proof of Proposition [2.2(C) consists of four steps. In Step 1 we convert the
variational formula 7, ,(y) < oo into the formula (.6), which corresponds to a
suitable one-dimensional reversible diffusion. Step 2 then deduces the existence
of a sufficiently regular solution to the corresponding backward Cauchy problem
(@.7), which enables us to employ Dirichlet form calculus for establishing in Step 3
the integrability of R2, /Ry for R = RY). From the latter we deduce in Step 4
that R?/ Ry is integrable.
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Step 1. The functions a(t,x) = A(R) and b(R) are uniformly bounded and
our assumption that 7, ,(y) < oo implies that dy df has density Ry € L3(R7)
with respect to Lebesgue measure dm (by Proposition [2.2(A)). These facts imply
by multiple applications of Holder’s inequality that the functional g > ®,(g) —
(g, 8)y in 2.4) is continuous with respect to the norm

lglloo + I8l 32y + 18x 2327y + 18x L3Ry + 18xx 232 R 7 )-

Therefore, denoting by W;/’; (R7) the subspace of all g € C,(R7) for which
gi @xx € L3¥?2(R7)and g, € L32(R7)NL3(R7), the assumption I (y) < o0

amounts to

T

@1 sup [(% e)(T) = (7.8)(0) — / (v. %" ¢ +ag§)(t)dt] < 00
gEW3 3 (R7) 0

for 27 of [2.1I). Now, fixing ¥ € C°(R) such that limy|—cc ¥ (x)/|x] = 1,

[V loo < o0, and g := ¥ dx is a probability measure, we introduce the
parabolic operator

d d d d
42) B = — +e¥ D _a(t.x)e V™ — =% + (ax —ay’ —b(R))—
ot 0x ox ox

and show next that (4.1)) implies that

sup [(y, &)(T) —1og( / eg(O,x)daO)
7 1.2
(4.3) g<W;/2Rr) R

T
—/ (7. RV g + ag)zc)(t)dt] < 00.
0

Indeed, by Cauchy-Schwarz we have the bound

k3 = / (b(R) —ax + ay)gx Ry dm < C2/(g. £y

R

for the finite, positive

Ca = a7 (b lloo T2 + |4 loo | Re I3 ) + V@ oo T2,

Further, the implication

YA>0: A1 < C4 +AZK2, k3 < Cai/K2,
(“4) S P
= VA >0: A1 + Ak3z <2C; +§C2 + A%k,

holds for all x1,«3 € R and k3, C1, Cy positive. Therefore, scaling the test func-
tions g in (4.1) and @.3) by A > 0 and A = 24, respectively, then considering (4.4))
for C1 = 1, (y), k1 = ®y(g), and k2 = (g, g)y proves that the change from Z#”
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to #%°¥ in (#1)) does not make the supremum infinite. Moreover, the change in
value due to the terms corresponding to the initial condition is bounded by

sup [ / g(0,x)du — log / e 0-x) dao] < H(u|eo)
gGW;/'%(RT) R R

(see, for example, [10, lemma 6.2.13]). The latter relative entropy is finite since

d 6
@5) Hiuloo) = [ 10g 1 an = [0z =5 au = [wlau+ [1og6au,
dag eV
R R R R
while [ [x|du < oo and 6 € L99(R) for some go > 1 (by definition, for u €
M (R)).

Next, let & W;/’; (R7) denote the collection of u : Ry — (0, 00) such that

logu = g ENVIN/;/’; (R7). It is easy to verify that & I/T/;/’; (R7) consists of all
positive u € Wl’z(]RT) that are bounded away from 0, in terms of which

3/2
becomes

sup |:(y, logu)(T) —log/u(O, x)dag
ues W35 (Rr) R

T 8"
_[ (y, s u)(t)dz] < 00.
0 u

Step 2. We claim that to every f € . there corresponds a u such that
“@.7 RV — fu=0, w,)=1,
where all terms of (4.7) are then in L3/ 2(R7) (by definition uy, Ry € L" (R7) for
allr € [%, 3]; hence (ax —ay')uy, € L32(R7) by the Cauchy-Schwarz inequality
and the boundedness of A’, A, and ¥'). Clearly, having such a solution for (4.7)
amounts to finding a solution w of

R"VYw— fw=f w,-)=0,
or, equivalently (see (.2)), a solution of
(4.8) wy + (awy)y — ¥'awy — fw = f, w(T,-) =0,

such thatu = (w + 1) € £W31/’§(RT).

To this end, we employ [26, theorem 6.2] together with the method of continuity
to first get a generalized solution w of (4.8) in the space W60’1 R7)N WZO’1 (R7).
Indeed, the norm bound in [26, inequality (6.3)] extends to a norm bound for func-
tions in %”61 N4, with respect to the norms || - ||H6_1 + | ||H2—1 and |- ”Hé + |- ”]HI;
defined in [26] (one only needs to add the norm bounds [26| inequality (6.3)] for
p = 6 and p = 2). Applying the method of continuity (see [30, sec. II1.2]) and
relying on such a refined norm estimate to interpolate between the PDE (@.8) and
the corresponding PDE with a smooth coefficient a, we find a solution of (4.8) in

(4.6)
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,%”61 N %”21, which in particular belongs to W60’1(RT) N WZO’I(RT). Moreover,
by Hélder’s inequality aywy, € L*(R7) N L32(R7) (since ax = A'(R)Ry €
L3(Rr) and wy € L"(R7) for all r € [2,6]). Hence, refining the norm bounds
in [26, theorem 4.1] to an estimate on the norms in L2(R7) N L3/2(R7) and ap-
plying the method of continuity in a similar fashion, we also have a generalized

solution w € WZI’Z(RT) N W31/’§ (R7) of the equation

4.9 W tadxx—ayP'lx— fD=—axwy+ f. 0(T.-)=0.

Proceeding to show that w = w, we let {¢;,k € N} be the same truncation
sequence as in the proof of Proposition[2.2B), fix k € N and set A := ¢ (W —w).
Then, A € W20,1 (Rr) is a generalized solution of

At 4+ (aAx)x — (ax + lﬂ,a)Ax - A=Y, A(T,-)=0,
where
Ve = ¢ a(@ — w) +2¢; a(@ — w)x — ¢} ¥ a(@ — w).

As in the derivation of (3.27)), since max(|¢; |, |¢;/]) < 2-1|x|e[k,k+1], having a, ¥’
uniformly bounded and (% — w), (0 — w),x € L?(R7) implies that

4.10 li =0.
(4.10) Jim 1Vl L2 )

Hence, writing A = ¢ W — ¢y w, following the paragraph after the statement
of [29] chap. III, theorem 3.3] and applying the energy inequality of [29] chap. III,

theorem 2.1], with r = ¢ = 2 and n = 1 (so that % + g < ”;4), we conclude that

T r/q 1/r
@.11) ||A||L2<Rr)sc3( / (/ |«/fk|4dx) dr) ~0
0
R

as k — oo .Therefore, m-a.e. w = W on Ry. All in all, we have found a solution u
to such that w = u — 1 is an element of Wzl’z(]RT) N W31/’22 (R7), and hence
also uy, = wy, € L®(R7) (by the parabolic Sobolev inequality in the form of [29,
chap. II, lemma 3.3] for p = 6 and g = 2).

It thus remains only to show that u € Cp(R7) and that u is bounded away
from 0 on R7. To establish this we first apply [29, chap. III, theorem 5.2] to find

a generalized solution @ of (@.8)) in the subspace of WZO’I(RT) whose elements
satisfy

(4.12) ess sup /@(r,x)2 dx + / @)26 dm < oo.

t€l0,T]
R Rz

Next, we apply [[1, theorem 10(vi)], with the constant y > 0 there being arbi-
trarily small, to conclude that # := W + 1 has to be the unique generalized solution
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of (4.7) in the sense of [1]]. It is thus given by

(4.13) ul,x) = /F(t,x;T, y)dy

R
with T" denoting the weak fundamental solution of (4.7), defined as in [} sec. 6].
Now, [1, theorem C] implies that # is locally Holder continuous in (¢, x), and hence
continuous in (¢, x) on [0, T') x R. Putting this together with [[1, theorem 10(vi)],
we conclude that # is continuous on the whole of Ryp.

Finally, we use the heat kernel estimates on I" from [1, theorem 7] to conclude
that # has to be bounded between two positive constants. Therefore, all we need to
show now is that # = u or, equivalently, W = w. To this end, reusing the truncation
sequence {¢ }, we fix k € N and set A= ¢r (0 — w). Then A€ WZO’I(RT) is a
generalized solution of

Zt ‘f’(azx)x_wlazx_fZ = Jk’ Z(T") =0,
where
Vi = $pa(@ — w) + 2¢,a(B — w)x + $pax(@ — w) — ¢ ¥ a(@ — w).

The LZ(RT)—norrn of ¢kax (W —w) decays as k — oo (because ay € L3(R7) and
[0 — wllLos; 4nS_g o) 18 uniformly bounded in k). Thus, with w, W, wx, Wy €
L?(R7) we deduce as in the derivation of that

lim || = 0.
Jim Vil L2 )

This implies, as in the derivation of {.11)), that ||Z||L2(RT) — 0as k — oo, and
consequently that m-a.e. w = W on Ry.

Step 3. In view of (4.7), we get from (4.6) that

T
o0 > sup~|:— log/u(f)(O,x)dao —/0 (v, f)(t)dti|,
R

fes

where u) € & W3 /2 2(R7) satisfies @7). We then deduce that, for some C €
(0’ Oo)’

T
(4.14) oo > sup [—/ (v, gx + ng)(t)dti| = sup /(ngx — Cg Ry )dm
ges gesﬂ

by showing that the L?(ag)-norm of u(f)(O -) (and so also log fR u)(0, x)dao)
is uniformly bounded over all f = gy + C g with g € .7 To this end, recall from

@2) that Z¥"Vv = v, + Ly forv e W, /2 *(R7) and the bounded linear operator

Lo =e¥V(ae Vvy)x : WA(Ry) — L¥2(Ry).

3/2
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We further set %5 = eV (a(t,x)e ™V ¢')x for ¢ € C(R). Then, considering
positive ¢y € . that converge to u/) in W31/’§ (R7), we deduce from that,
forany s € [0, T],

T
1-— ||u(f)(s,.)||zz(a0) = 2[ d;/u(f)ugf)dao
S

R
T
_ _2/ dt/u(f)(gu(f) — udag
R
T
“.15) =2 [ O g
)
where
0= s [ p(Zig - fu g
$eC>(R):9>0,
lol 20 =1 R

Recall that deg = e~ ¥dx, so integrating by parts and then taking ¢ — /@
yields

A= sup - [awr@a - [ 10992 dOlo:|
$eCR):9p>0, L
1611260 =1 R R
r N2
= sup —1/ @) a(l,-)dao—/f(t,-)¢dao].
peCPR)p=0, L 4 ¢
161121 (6 =1 R R

Further, for any g € . and smooth ¢ such that pag € M1(R), we get by integra-
tion by parts and the Cauchy-Schwarz inequality that

< VU102 + ¥ [lo /02,

4.16) ‘ / gu(t. )b darg| = ' / g0 )@ — " )dao
R R

with v; = [ (¢')?/¢ dag and v, = Vs () = [ g2(t.+)¢ dag. Hence, for f =
gx + Cg? with g € .7, we end up with

1

@I s 00 sup [<jau b VO W T - Con |
t€[0,T] v1,U2>0 4

For C > 0 large enough, the right side of (4.17) is finite; hence we deduce

from (@.13)) by applying Gronwall’s lemma for s +—> (T — s, ~)||i2(a0) that

[ut) 0, )] L2(a) 18 bounded uniformly (over such f'), as claimed.
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Next, let H denote the closure of . with respect to the L2 (R,dm)-norm. From
(#.14) we know that, for some finite C;, C and all g € .7,

‘ f gRx dm

Ry

< C1 +Cligl%.

Hence, g — er gRyx dm extends to a bounded linear functional on ]ﬁ[, which
by the Riesz representation theorem is of the form g — (g, h)ﬁ for some h € H.
The identity [p_ gRxxdm = [p_ ghRxdm forall g € .7 implies that m-a.e. if
R, = 0, then R, = 0, with h = I%‘;‘ (subject to our running convention that

g = 0). Consequently,

R2 ~ ~
(4.18) f —XX dm = /thx dm = ||h||% < 0.
Ry Ry
Step 4. Following the derivation of (4.18) out of (4.14)), if
(4.19) sup /(ZgRt — g% Ry)dm < oo,
geiRT

2
then [p Ilg—; dm < oo. Furthermore, plugging into (#.19) the value of R; from the

PDE (3.12), all the terms of which are in L3/2(R7), we find that @#I19) amounts
to

(4.20) sup_ / (2g[A'(R)Rx + hA(R) + hA(R)] — g2) Ry dm < oo

ge,VRT

for h € H of @I8) and h € L2(Ry dm) of (Z.8). Pointwise optimizing in @20)
over the value of g(z, x) at each point of Rz bounds the supremum by the finite

A" (R)Ry + EA(R) + hA(R) ”zZ(Rde)’ thereby completing the proof. O

Remark 4.1. A crucial step in the proof of Proposition [2.2(C) consists of showing
that the continuous ¥ = w + 1 solving {@.7), with w € Wzl’2 (R7) N W31/’§ R7),
is further bounded and bounded away from 0. In doing so we relied on the results

of [1]], but we note in passing that with some additional work such positivity can
be obtained from [28| cor. 4.6], bypassing the need for [/1]].

5 Proof of Proposition

Fixing throughout ¢ € (0,1] and u € M l(t) (R), we start with the convexity of
the functionals from which J, ;,(-) is composed, followed by its use in establishing

convergence results for J ).
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LEMMA 5.1. The functionals

R? R2
(5.1 J“)(R)=/R—’dm, J(Z)(R):/%dm, J(3)(R)=/R)3Cdm,
X

X
]RT ]RT

are convex on the set F = F3;, of (L7).

PROOF. The convexity of J ®3)(.) is an immediate consequence of the convexity
of x > x3 on [0, 0o). Further, recall from Steps 3 and 4 in the proof of Proposition

2.2(C), that on .7

JD(R) = sup /(2gR, — g%Ry)dm

geYRT

J(z)(R) = sup /(Zngx —ngx)dm

ge,SﬁRT

so each of these functionals, being a supremum of linear functionals, must therefore

be convex. O

LEMMA 5.2. Suppose A(-) > a > 0 with b(-) and A’ (-) continuous and bounded.
Let R = RY) fory € € such that Ji,u(y) < oo and suppose the strictly positive
probability densities RS, € C LR ) are such that

(5.2) limsup J O(R€) < JOR), ¢=1,2,3,
€0

R¢ — R uniformly on compacts, R — Ry in LP(Rt), p € [2,3] and m-a.e.
RS — Ry, RS, — Ryxx. If y¢ = RS dx are such that y€(0) € Ml(o)(R), then

(5.3) lim T = Jou).
PROOF.
Step 1. We first show that as ¢ | 0:
(5.4) / ’ ki L
. — m — 0,
(Rg)'? (RV?
2
xx
(5.5) / ’ 1/2 (Ry)12 dm — 0,
(5.6) / }(R§)3/2 — (Ry)*[*dm — 0.
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To this end, with |x; — x2|? < |x% —x%| whenever x1,x2 € Ry and R — Ry in
L?(R7), it follows that, for € | 0,
1/2 2
(5.7) / I(RS)? = (R)'/2 dm — 0.
R7

Similarly, combining the inequality |x3 — x3| < %|x% — x%| max(xp,x2) (which
holds for all x1, xo € Ry ) with Holder’s inequality, we find that

T e
R7

;/‘R; - Rx|2max(R§,Rx)dm
R7

9 3 2/3 3 1/3
< Z(/{R;—Rx\ dm) (/max(R;,Rx) dm) :

T Rr

By assumption RS — Ry in L?>(R7) and, due to (5.2) for £ = 3, the norms
| RSl 3(r ) are uniformly bounded, thereby yielding (5.6).

Turning to prove (5.4), we let c€ = RS(RS)™Y/2, which by (5.2) with £ = 1 is
L?(R7)-bounded. Hence, for any sequence € | 0 we have that c€ — ¢* weakly
in L2(R7) along some subsequence (by the Banach-Alaoglu theorem, where ¢* €
L?(R7) may depend on the chosen subsequence). From the triangle inequality, we
thus get from that along this subsequence, for any fixed ¥ € C.(Rr),

(5.8) /(R;)l/zcw dm — /(Rx)l/zc*w dm.
R7 Rz

Since R € %, we have that R; € L3/ 2(]RT) and, by the assumption of the lemma,
(Rfc)l/zce = R{ — R; m-a.e. Thus, for any fixed ¥ € C.(Rr), the left-hand
side of (5.8) converges to fRT R; ¥ dm as € | 0, resulting in

(5.9) /(RX)I/ZC*de = / Ry dm.
Rr

Ry

Furthermore, with (Ry)'/2 € Lé(R7) and ¢* € L2(R7), by Holder’s inequality
(Rx)'2¢* € L32(R7), so from (5.9) we conclude that m-a.e. c* = R;(Ry) ™"/,
independently of the sequence €. That is, RS (RS)™'/2 — R, (Ry)™!/? weakly in
L?(R7) when € | 0. Together with the L?(R7)-norm bound of (5.2) for £ = 1,
this yields the (strong) convergence of (5.4).

Finally, the same argument, just with R¢ replaced by RS, , yields (5.3).

XX’

Step 2. To deduce (5.3) from (5.4)—(5.7), recall that J, ;,(y) < oo requires y €
o, ;, and, in particular, that R = R?) € Cp,(R7) satisfies (3.1) for some M = M,
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finite (and all « > 0). Thus, our assumption that R¢ — R uniformly on compact
sets, combined with the monotonicity of the distribution functions x — R€(z, x),
X = R(t,x), and (3.1), yields that R — R uniformly on R7 when € | 0. This,
and the assumed continuity of A" and b on [0, 1], show that as € | 0,

(5.10) o(R€) — o(R), A'(R€) — A'(R), b(R®) — b(R) uniformly on R7.
Moreover, all functions appearing in (5.10) are uniformly bounded on Rz . Putting

this together with the uniform positivity of o and (5.4)—(5.7), we have the following
convergences in L2(R7) when € | 0:

.11) bR R
o (R€) (RE)1/2 o(R) (Rx)l/z
(5.12) o(R e)(R:)l/2 o(R )(R e
(5.13) Ij;,((lfé))( x)3/2_) A((If))( Ry)3/2,
(5.14) ii’;%( iz, big( RV2.

By Hiilder s inequality the finiteness of J (e)(Re) ¢ =1,2,3, implies that R¢ =
RY) € .Z and by our assumptions, also y€ € </ Thus, as € | 0 we have that
— (A(R)RY)x | b(R?)

€ 1/2
70 = 3| i + o

LZ(RT)

L| R = (AR)Ro)x | b(R)
- '” t 7t TR Jn().
2| o(R)(Rx) o(R) L2(R7)
This completes the proof of Lemma[5.2] O

Under Assumption @ka), (b), and (d), our key result provides the conclusions
of Proposition n 2.5| for J, M(y) < oo and some y€ in the collection ¢* that we
define next (cf. Definition [2.4]of ¢).

DEFINITION 5.3. Let ¢* be the subset of {y € ¢ : J, ;,(y) < oo, some €
M (R)}, such that R = RY) € C°(Rr) with Ry strictly positive and

(5.15) 8] 85R (1, x)| < ¢;xRe(x) ¥(1,x) € RT

for some {c; k. finite j,k € N} and

(5.16)  R.(x):= sup {R(r,x)}, R(t.x):=1—=R(@, |x|])+ R(t,—|x]).
t€[0,T]

PROPOSITION 5.4. Suppose A(-) > a > 0 with b(-) and A’'(-) continuous and

bounded. If J, ;,(y) < oo for some p € MI(L) (R), then there exist {y€} C 4> such

that y¢ — y in € as € | 0, sup, [ |x|1T*dy<€(0) is finite, and (5.3)) holds.
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PROOF. The proof consists of three steps. In Step 1 we construct )/8’5 € ¥
whose smooth CDF paths R%¢ = RO’ ¢ Co°(Rr) satisfy (5.15) and have
strictly positive PDFs Ri’e. Step 2 confirms that %€ — y in € when (§,¢) —
(0, 0) and that y%-€ o, for p = y%€(0) whose (1 4 1) moments are bounded,
uniformly over (8, €). Then, relying on Lemma/[5.2] we verify in Step 3 that (5.3)

holds for § = §(¢) small enough (so, in particular, such y%-€ € G%).
Step 1. Let ¢ € C°°(R) be a strictly positive probability density with

/u%¢qu<w and  [p® ()] < cxd ()

for some finite ¢, k > 1, and all x € R (for example, the smoothing near x = 0
of e~2I¥| provides such ¢). With ¢e(y) = € 1¢(y/e), for each §,¢ € (0,1) we
consider the function

(517 S840 = [ R =384 )0~ )y
R
on R7435. Then, fixing a probability density ¢ € C2°(R) supported on [0, 3] with
(5.18) cy = inf {Y(s)} >0,
s€(1,2]

we set Vs (s) = 81y (s/8) and consider

T+368
(5.19) R%€(z,x) :[ S%€(s, x)Ys(s —1)ds, 8,e € (0,1), (r,x) € Ry.
0

With v (¢)¢(x) a probability density on Rz, since each R(¢,-) is a CDF, so are
S%:€(z,-) and R%€(z,-). By the strict positivity of ¢ we have the same for S,‘E’E,
and thereby also for Ri’e. Next, with ¢ (-) smooth, S%€(z,-) € Cp°(R) for each
t, €, and §, hence R%€ ¢ Co°(R7) by the smoothness of . Moreover, as ¢(-)
pointwise controls its derivatives, it follows that, for each k > 1 and all (¢, x) €
Rr,
‘8§S8’€(Z,x)} < cre k8% (1, x).

Furthermore, with [ ¢¢(x —y)dy = 1, the same bound holds for 1 —§ LR resulting
with

(5.20) 38531, x)| < ere™F[(1 — S%€ (2, x)) A S5€(2, x)] < cre ¥ 58 (1, x)

(where S%€ is related to S%-€ analogously to (5.16)). Thus, having ¥ (-) smooth
yields, by (5.20) and (5.19)), that

(5.21) |8 K R<(1, )| < |w” | exe FVE <2, x)

forall j,k € N where

38
Voe(r, x) = S%€(t +u, x) du.
0
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Clearly, for any § > 0 and (¢, x) € Rr,

38 38 38
V‘S’E(Z,x) < — sup { / S‘g’é(t 4+ u, x)Ys(u)du;, = —R‘i’e(x)
Cy¥ 1€f0,T] Cyr

for R, (-) of (5.16), which together with (3.21)) implies that R%-€ satisfies (5.13).
Step 2. Since S%€(t, x) = §%-€(0, x) when t € [0, 36], upon specializing (5.19)

tot = 0, we get the smooth CDFs

(5.22) R%€(0,x) =E[R(0, x — Ye)] =: Oc(x)

for Y of density ¢e. Our assumption that y(0) = u € Ml(‘) (R) translates to
y3’€ ©0) e M 1(L) (R) with uniformly bounded (1 4 ¢)-moments (since Y, has this
property and f > ([ f(x)90 dx, [ |x|1T* f(x) dx) is convex over probability den-
sities). Similarly, from (5.17) and (5.19)

/ [+ S (dr < / Eflx — Ye|'*]dy (r)dr

R7

+ 38/ — Y |11Ydy(0),

with the right-hand side finite, since y satisfies (1.6), y(0) € M I(L) (R), and Y, has
finite moments of all orders. That is, y%-€ satisfy the moment condition (T.6) and
are thus in &7, 5. (. In addition, by dominated convergence, R%€ — R uniformly

on compacts, so in particular %€ — y in %.

Step 3. By construction, m-a.e. R¢ — Ry, Rf’e — Ry, and R3S — Ryy
whenever (8, €) — (0, 0). Thus, from Lemma[5.2) we get (3.3)) for § = (¢) small,
once we show that

(5.23) lim sup limsup J @ (R*€) < JO(R), =1,2,3
€l0 8§40

(indeed, by Egorov’s theorem, (5.23) for £ = 3 implies that Ri’e — Ry in
LP(RT), p € [2,3]). Turning to prove (5.23), we recall from its definition that
Ji,u(y) < oo implies R = RY) € .Z and

368
JOR) =/ %(S)dS/J(e)(R(-,y+'))¢e(y)dy <oo, £=1.2.3.
0

R

Hence, starting with the functional J () (-), we get from the definition of R%-€, upon
applying Lemma[5.1]twice, that

38
JOE) < [T IO s < I OR)
0
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and consequently (5.23)) holds for £ = 1. Next, consider the functionals

" 2
(5.24) JOF) = / %dx, JO(F) = [ F'(x)3 dx,
R R

which, as in the proof of Lemma 5.1} are convex on the set of twice differentiable
CDFs. Thus, for £ = 2, 3, we get by the same argument as before that

JOR) < JOR) + 3879 (0O,).

From our choice of ¢¢, we have |©7| < c¢1e~ 1@, and uniformly bounded PDF @Y.
Consequently, J© (©,) < oo and taking § | 0 establishes (5.23) for £ = 2,3. [0

Specializing to ¢ = 1 and applying Proposition [5.4] to approximate the given
y € € of finite Jq,,(y) by a suitable sequence from ¢;", the proof of Proposition

is thus completed by considering our next lemma (to get yt € 4 that suitably
converge to any given y € ¥,).

LEMMA 5.5. Suppose y € 4" and Assumptiona), (b) and (d) hold. Then, there
exist | € Ml([_l)(R) such that y* = (1—€"Y)y + £ € G with J~()/Z) — .7()/)
and yt — y in €.

PROOF. Recall ¢o,1 = co,1(y) from (5.15). We begin by showing that, with
n = 1/(12c¢o,1), the function R, of (5.16) is such that

(5.25) x—y| <37 = R.(y) <2R.(x).

Indeed, since R,(z) = R.(—2z) is continuous and nonincreasing in |z|, it suffices
to prove that R, (y) < 2R, (x) for |x| € [|y],|y| + 35] and xy > 0. To this end,

note that by (5.19)), for all ¢ € [0, T,
y
/ R, (z)dz
X

Y 1
IR(t,y) — R(t.x)| = / Re(t,2)dz <R

= Co,1

The preceding implies that, for R(z, x) of (5.16),
~ ~ 1
R(Z7 Y) E R(t7 .X) + ER*(y)v

so taking the maximum over ¢ results in R, (y) < Ru(x) + %R*(y), as claimed.
We next claim that

(5.26) / [x|* Ry (x)dx < oo.
R

Indeed, taking 7 = 1/(8¢c1,0) > 0, we have that, for |t —s| < 27,

1
[R(t.x) = R(s.x)| = c10lt = s|R(x) = 7 Ry (%),
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out of which we deduce that ﬁ(s, x) < ﬁ(l, x) + %R*(x). Considering s € [0, T']

such that R(s,x) = R.(x), we thus find that R(z,x) > %R*(x) throughout a
subinterval of length at least 27). Consequently, for all x > 0,

T
AR (x) < [ R, x)dr,
0

hence by Fubini’s theorem,

L1 t oo t T t+1
7 N 1xI'Re(x)dx < (t+ 1) xtdx R(t,x)dt = [ |x|'"7 dy(¢)dt,
4 0 0 2
which for y € 4* is finite in view of (1.6).
Continuing with the proof of the lemma, let k = [ R«(y)dy, which by (5.26)
is finite. Then, for n > 0 of (5.25) and ¥ € C2°(R) supported on [0, 3] as in
Proposition [5.4] we construct the PDF

1
5.27) )= [ R = ),
R
and, for each € > 0, consider the path y€ € % associated with the CDFs

Ré(t,x) := (1 —€)R(t,x) + er(x).

Since Ry is strictly positive, so are R$. Furthermore, r € C,;’o (R), and conse-
quently also R€ € Cp°(Rr). For € | 0 we clearly have that R — R uniformly
on compacts (so y¢ — y in ), and m-a.e. R — R;, RS, — Rxx. Since
r’(-) and Ry (z,-) are both uniformly bounded PDFs, obviously also RS — Ry in
LP(Ryp) for all p € [2,3]. Thus, in view of Lemmas [5.1] and we have that
J(y€) = J(y) provided we show that J© (r), £ = 2,3, of (5.24)) are finite. The
finiteness of J 3 (r) is trivial, for r’ is a bounded PDF, whereas J@ (r) < oo due
to the boundedness of |r”(x)|/r'(x). To see the latter, note that for ¢y, > 0 as in

(.18), by (5.25) and (5.27),

YR) <Y inf {R.)) < kr'(x)
2n N yelx—3n,x]

(5.28) < sup {R.(n)} < 2R.(x).

y€lx—37,x]
Similarly, «|r”(x)| < 2||¥'||1n~ ' R« (x), which, together with the left-hand side
of (5.28), implies that |r”(x)|/r’(x) is uniformly bounded (by 4||y/'||1/cy ).

Next, combining the right-hand side of (5.28) with (5.26), we deduce that the ("
moment of i = r’(x)dx is finite. It thus remains only to show that the continuous
function Re e

i — (A(R®)RS)x
A(RE)RE
is further uniformly bounded and globally Lipschitz in x. With A bounded below,
A’, RS bounded above, and R = (1 — €)R;, the boundedness of (R€) follows

h(RE) =
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from that of (|R¢| + |Rxx|+ |r”'|)/r’. To this end, we have just shown the uniform
boundedness of |r”(x)|/r’(x) and recall from (5.13) that | R; (¢, x)|+|Rxx (¢, X)| <
(c1,0 + co0,2) R« (x), which by the left-hand side of (5.28) is further bounded by
Cr'(x) for some C = C(y) finite. As for showing that 2(R€) is globally Lipschitz
continuous in x, note that

(1 =€) Rix — (A(R)RS)xx — h(R)(A(R®)RY)x
A(R€)RE ’

Recall that A(-) is bounded below, h(R€), Ry, r’, and (|Rxx| + |r”|)/r’ are

bounded above, and A’ is globally Lipschitz. We thus have that |[2(R€)]y| is uni-

formly bounded, provided that (|Rsx| + |Rxxx| + |r””])/ 7’ is uniformly bounded.

The latter holds by the left-hand side of (5.28), since from (5.20) we have that

|Rtx| + |Rxxx| < CR. for some C =C(y) finite, and by the same reasoning as
above, we also get that k|r”'| < 2||[v"|177 % Rx. O

[h(R)]x =

6 Proof of Proposition [2.6]

We suppose throughout this section that parts (a)—(c) of Assumption hold
for some ¢, € (0, 1] and use the simplified notations /(-) and &7 for I, ,,(-) of
and &7, p, of (L.6), respectively. In this setting we establish a local large
deviations upper bound for p/ being near y, starting with y € o7 (where I(y) =

sup, ¢ 7 [Py (g) — (. 8)yD-

PROPOSITION 6.1. Foreachy € &/ and any g € 7 we have the upper bound

1
6.1) lim lim sup - log P(p" € B(y.6)) < (g.8)y — Py ().

N—o0
PROOF. Fixing g € 7. foreacht € [0,T] and £ € ¥, we set
HE(§)(1) = €. 2°9) ).
with Z¢g = g, + b(R®) g, + A(R®) gy of @.I). Then, applying Itd’s formula

for the real-valued stochastic processes Z j‘:, (1) := (p", g)(t), one finds that
t
62) 250 - 250 = [ HE M6 + M0,
0
with the continuous martingale

N o
63 MEO =5 3 [ 0Py (X)) X)W,

i=1
Its quadratic variation is (M f,)(t) = % f(; VE&(p™)(s)ds, with

(6.4) VEE) () :=2(E, A(R®)g2)(0).
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Hence, by the martingale representation theorem (see [24} theorem 3.4.2]),

ME (1) = %ﬁ | Vreee e

for some one-dimensional standard Brownian motion 8. Next, fixing y € o7, let

(6.5) HE(y)(1) = /0 He (y)(s)ds, VE@)(@) = /0 t VE(y)(s)ds,

and recall that, by (2.2) and 23),

6.6) (g.8)y —Py(g) = %Vg (NT) + (v.£)(0) + HE (y)(T) — (v, &)(T).
We thus proceed to compare Z%,(-) with the process

(6.7) Y0 = (r,2)0) + HE()(1) + Mz (1), 1 €[0,T],

having the martingale part

t
Mﬁ”(z)=%ﬁ /0 JVEDG) dB(s). 1€ [0.T].

Step 1. We first show that, on the event pVV € B(y, §),

|28 —YE| = sup |Z5@)—YR@)| <e.
t€l0,T]

up to a probability that is negligible at our large deviations exponential scale (in
the limit N — oo followed by § | 0). To this end, fixing p € B(y, §) we note that

T T
[0 IHg(p)(S)—Hg()/)(S)IdsS/0 (0. 2P 8)(5) — (p, %7 g)(s)|ds

T
4 /0 (0. 27 8)(5) — (v B g)(5)]ds.

and setting R = R®_ R = RW we further have
T

T ~
/0 [VE(p)(s) = VE(¥)(s)lds < 2/0 (0, A(R)EZ)(5) — (0, A(R)gZ)(5)|ds

T
12 /0 (0. AGRIE2)(s) — (1. A(R)g2) (s))ds.

Since y € &7, we know that R € C,(R7) and consequently so are #Y g and
A(R)g2, from which we deduce that the second term in both upper bounds tends
to0asd | 0, uniformly in p € B(y,§). Now, recall that b(-) and A(-) are Lip-
schitz functions (under Assumption [T.2Ja)—(b)). Hence, to get the same uniform
convergence for the first term in both upper bounds, it suffices to show that

T
(6.8) lim sup / (p,|R — R|)(s)ds = 0.
830 peB(y,8) J0O
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Moreover, fixing § > 0, by definition of the metric d(-,-) on &, for any p €
B(y,6) and (s, x) € R one has that

(6.9) R(s,x —8) —8 < R(s,x) < R(s,x +8) +§
(see (I.5))), and hence, also
|R(s,x) — R(s.x)| < R(s,x +8) — R(s,x — §) + 6.
Recall that R(s,x + §) — R(s,x — 8) = yp(s, (x — &, x + 4]); hence by Fubini’s

theorem and yet another application of the preceding bound

(o, IR = R|)(s) <5 + /(R(S,x +8) — R(s,x — 8))p(s. dx)
R

_sy / p(s.1y — 8.7 + 8)y(s. dy)
R

<35+ /(R(s, ¥+ 38) — R(s,y —38))y(s,dy).
R

Integrating both sides over s € [0, T'], we see that (6.8) is a consequence of

}S‘if(; /(R(s, v+ 38) — R(s,y —368))y(s,dy)ds = 0,
Ry

which in turn follows from the dominated convergence theorem and the fact that
R € Cp(R7). All in all, we have shown that

T
(6.10) lim sup / |HE (p)(s) — HE(y)(s)|ds = 0,
840 peB(y,8) /O
T
(6.11) lim sup / [VE(p)(s) — VE(y)(s)|ds = 0.
540 peB(y,6) Y0

Recall that (pV, )(0) — (po, £(0,-)) = (y. g)(0) by Assumption c) and the
definition of «/. Hence, comparing (6.2)) with (6.7), it immediately follows from

(6.10) that, for any fixed € > 0,

1
lim lim sup—log]P’(pN € B(y,9),
540 N—>oo NV

|28 = YN oo > 2€) <

limlimsup%bgp(pN € B(y,9), |M§, — Mf\',’yHoo > €).

§l0 N—oo

Recall [32, theorem 8.5.7] that M f] ()—M f,’y(-) has the law of time-changed
standard Brownian motion f(z(-)), for t(¢) = (M f, -M f\’,’y)(t) (the quadratic
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variation process of the martingale M ;’\7] - M f,’y). Moreover, on the event {p" €
B(y, )}, we have that

T 2
(=5 [ (Vo0 - TERG ) o < o6

with ky (§) — 0 as § | 0 (due to the inequality (/X1 — /X2)* < |x1 — x2| for
X1,x2 > 0and (6.11)). Thus, from Bernstein’s inequality for Brownian motion,

1
lim lim sup—logIP’(pN € B(y,6), |
5§40 N>oo NV

g 8,y
My — My

o0 > €)

1 2
< limlim sup — log P( sup 1B(t)| > €) < —lim{ ¢ } = —00.
510 N—oo 1€[0,, (8)/N] 50 | 26y (3)

Step 2. Recall that, for any o1, 00 € M1 (R),

(6.12)  dpr(ay.a2) = sup (a1, f) — (a2, O} < 2dp(ar, a2)
I f oo+ fllLip<1

(see [13| cor. 11.6.5]). Hence, by (1.3) there exists rg : (0, 00) — (0, 00) such that
limgu) rg (8) = 0, and

peBy.d) = (p.8) =& loo =rg(é).
Recalling that Zi, (1) = (pV, g)(¢), we thus have from Step 1 that, for any € > 0,

1
limlimsup — log P(pY € B(y.6))
5§10 N—>oo N

1
= limlim sup — log]P’(pN € B(y,$),
§l0 N—oo N

12N = YN ]o =€)

- 1
< limlimsup — log P(| (0" 8) = (. ©)lloo =< rg(®). | 2§ ~ Y | < ©)

540 N—oo
, 1
< limsup - log P ([ (. ) = ¥ [ o = 2).

Therefore, it suffices to prove the simpler local large deviations upper bound

L 1

(6.13) lim lim sup — log IP’(H (v, g) — Yﬁ HOO < e) <-I18((y,2)).
€0 Nsoo N

provided that (see (6.6))

6.14)  I5((1.8) = (n.&)(T) — (7.8)(0) — HE (y)(T) — %Vg(y)(T)-

Step 3. We establish (6.13) as a consequence of the LDP holding for {¥ 5 } in the
space C([0, T'], R) with a good rate function /8 (-). Indeed, note that by the time-
change formalism for It6 integrals (see, e.g., [32} theorem 8.5.7]), the process Y f}
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can be obtained as w(N~1/2 E) for a one-dimensional standard Brownian motion
B(t), t > 0, and the deterministic operator

v C([0,00),R) - C([0,T],R),
(Wh)(1) = (v, )(0) + HE(y) (1) + h(VE(y)(1)).

Clearly, ¥ is continuous with respect to uniform convergence on compacts in
C(]0, 00), R). Hence, by Schilder’s theorem (see [10, theorem 5.2.3]) and the con-
traction principle (see [[10, theorem 4.2.1]), the sequence {Yﬁ} satisfies the LDP in
C(]0, T], R) with the good rate function

1 (S (dh\?
6.15 18 = inf — — ] d
6.15) (/) {h:\IJl(IIz)zf} 2/0 (du) “

where S = V& (y)(T) and the infimum is over all absolutely continuous functions
hon [0, S], starting at £(0) = 0, with Radon-Nikodym derivative % e L2([0, S]).
In particular, since

1 (S (dh 2 1 (S (dh)? 1
0<-— ——1) du== — ) du—h(S)+ =S,
_2/0 (du ) . 2/0 (a’u) ! ()+2
it follows from the requirement (WA)(T) = (y, g)(T') that

1 — 1
15((y.8)) = h(S) — 55 =09 = (r.8)0) - HE(y)N(T) — 35
which is precisely our claim (6.14). O
We proceed with the local large deviations upper bound for paths y ¢ o7.

PROPOSITION 6.2. Ify ¢ <7, then

1
(6.16) lim lim sup — log P(p" € B(y.§)) = —oc.
§10 N>oo N

PROOF. Fixing N, let Q® denote the law of the solution of the SDS (T.2) with
Q = Q corresponding to the solution of (T.2) in the case b = 0. Recall that

dQ®
dQ

(see 24}, theorem 3.5.1]), with the continuous martingale

(6.17) = exp (M}{,(T) - %(M}(,)(T))

N[t B(F v (Xi(5)))
by N (s) ,
MyO =3 / ) e, 10T

whose quadratic variation is (M Il{,)(t) =N f(f U 1%, (s)ds, with Uy (s) uniformly
bounded by ||h/0||cc. Hence, setting k = %||b/0||go, by the Cauchy-Schwarz
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inequality,
b _1 b
Q@ (N € B(y.8)) = Q[eMND=2MXIDY, g 5]
< exNQ[ezM,{’,(T)—z(M}:,)(T)]l/ZQ(pN e B(y, 5))1/2
(6.18) = N QEPI[11V2Q(pN € B(y.8)"/>.

Consequently, it suffices to establish (6.16) when b = 0 in order to have the same
conclusion for any other choice of b(-). With &/ independent of such choice, we
proceed throughout the proof with b = 0 (without loss of generality). In addition,
since p¥ — po, the bound trivially holds when y(0) # po. Assuming
hereafter that y(0) = pg, we distinguish the three reasons for y ¢ .o7. We start
with case (a) where R®) ¢ Cp(R7), proceed to case (b) in which RY) € Cp,(R7)
but y fails to satisfy the moment condition (I.6) for ¢ = ¢, of Assumption[T1.2(c),
and finish with case (c), where R?) € C, (Rr) and (T.6) holds, but z — (y, g)(¢)

is not absolutely continuous for some g € ..

Case (a). By assumption y € € and y(0) has a density, so if R®) ¢ Cp,(R7),
then necessarily y(s)({y}) = 3¢ forsome s € (0,T], y € R, and € > 0. Fixing N
and 0 < § < e, it follows from (1.3), the definition of dr.(-,-), and the union
bound that, for m = [Ne],

P(pY € B(y.8)) <PV (s)([y — 8.y +8) =€)

N
- P(Z Jl*{I)(’,'(s)—y\58} > NG)

i=1

N .
(6.19) < ( ) sup P(|Z(s) —y;| <8 ¥j <m).
M J {uj,y;}
Here the supremum is over nonrandom {y1, ..., Vs } (into which we incorporated

the initial conditions X;(0)) and all [inf o, sup o]-valued processes {u1,us,...,
Um} adapted to the filtration % generated by {W;(r) : r € [0,t],1 < i < N},
while

(6.20) Z"(s) = /0 uj (r)dW; (r).

Each It6 integral in is the L2-limit of some .7%;-adapted stochastic integrals
of processes that are piecewise constant in time. Therefore, we can and shall as-
sume hereafter that {u;} are simple processes which are constant on each of the
time intervals [0, #1), ..., [tx—1. ;) for some partition 0 = #g <t <--- <l =&
and k € N (possibly dependent on N). The probability we maximize in (6.19) is
then

k—1

(6.21) ]E[l_[ G,s(z Mj(tZ)AW}'(tZ)’yj)}

j=1 {=0
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for AW;(ty) = Wiltg41) — Wi(te) and Gg(z,v) = T;_y|<s. Such expectation,
when conditioned upon

Ur = {uj(te), AW (10). £ < k =23 Uu;j (tg—1), AWi(t—1). 1. ] # 1}

becomes

[165Z™ ). y))E[Gs ur (tkm1) AWr (tk—1) + Z3P(t—1). yr) | Tr]-
J#r
The value of AW;(t;—_1) is independent of everything else, and clearly all that
matters from I, to the choice of u,(tx_;) that maximizes (6.21) is the value of

Z 5"")(tk_1). We thus conclude that the optimal u,(¢;_1) may be assumed mea-
surable with respect to the o-algebra generated by W,.(¢),t € [0, tx_1], and u,(¢;),
¢ < k — 2. Substituting optimal u (tx—1) of this type, for 1 < j < m, changes the
function Gg considered in (6.21)) but retains its form; namely, we need thereafter
to maximize

E[]‘[ G{(Z\ (1. yj)}
j=1

for some (new) function G(g (z,v). The previous argument still applies, so proceed-
ing by backward induction, from #;_; to t;_», ..., to, we conclude that it suffices
to take the supremum in (6.19) only over {u; : j < m} such that each process u;
is adapted to the filtration generated by W;. The bound of (6.19) then becomes

N " m
©22) PN e B(r6) < (m)[j“f P(|Z{ () - »| <8)]"

where the supremum is now over nonrandom y; € R and all [inf o, sup o]-valued
processes 11 adapted to the filtration generated by Wj. Since m/N > ¢ is bounded
away from 0, we get (6.16) from

lim sup sup IP’(}Z?”)(S) —y|=é8) =0,
540 U1)1

which is an immediate consequence of the stronger result in 31, theorem 1].

Case (b). We continue with b = 0, y(0,-) = po, and R?) € Cp(R7), whereas
(L.6) fails, namely

T
6.23) / (@), x| )t = oo
0

for ¢, € (0, 1] of Assumption[I.2fc). Let 0 < fx 1 foo be infinitely differentiable
functions such that

fx(x) = [x|""* on[-K,~1JU[1,K], fx(x) <1 on[-1,1],
|fel? <8fk, I fklloo < 2K, | fhlloo <2K*, [ fElloo <2
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(we construct fx by smoothing the function (K A (|x| Vv 1)) ™% around the points
{£1, £K?}). Next, for Z ]{,K (t) := (o™ (t), fx) consider the stopping times

X () = infft > 0: Z]{,K(t) > 2r}.

Since fx(x) < 2|x|'T* + 1 we have from Assumption c) that for some C,,
finite

(6.24) sup {ZZK(©0)} <2 sup (oM (0), [x|'"F) + 1< C,,.
K,NeN NeN

With || ¢ lloo < 2 we get upon applying Itd’s formula for Z {,K that, for the contin-
uous martingale MIGK (¢) of and any r > rg := C,, + 2||A||oT,

(6.25) P () <T) < P(MIK(EG)AT) = 7).
Furthermore, since | /%|* < 8, we have for V(-) of (64) that

L[ 16[4]l00 [
(M{F) ) = ~ / VK (pN)(s)ds < T“’ f Z{K (5)ds.
0 0
In particular, by the definition of ‘L’I\I§ (r),
626 MK A T) = 0
for k = 128||A||eoT. Appealing to the martingale representation theorem,

d
MF (K () AT) S B(MTF) (K (r) A T))
for some standard Brownian motion 8. Hence, by (6.23) and (6.26)), for any r > ro,
N
(6.27) IP’(ﬁ{f(”) <T)<P( sup {BO)}=r)= Zexp(——r).
t€[0,kr/N] 2k

Since dy, is a metric for the weak convergence in M;(R) and fx € Cp(R), by

dominated convergence the functionals Gg (§) := fOT (&(¢), fx)dt on € are con-
tinuous with respect to the distance d( -, -) of (I.5). Consequently, for any K € N,
there exists §g > 0 such that

peBydk) = Gglp)> %GK(V)-

Further, if Gx(p"Y) > 2Tr, then necessarily r]{?(r) < T. Thus, setting rx =
ﬁGK()/), we have, for any K and § < g, that

P(p" € B(y,8)) < P(Gx(p") > 2Trg) < P(«f (rx) < T),
which, in view of (6.27), yields the bound

1 G
lim lim sup — log P (0" € B(y,8)) < _Gk)
5§40 N>oo N 8kT
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provided Gg(y) > 4Tro. Our assumption (6.23) and the fact that fx(x) =
|x|1F for all |x| e [I, K] imply that Gg(y) — oo as K — oo, thereby es-

tablishing (6.16).

Case (c). Steps 1 and 2 of the proof of Proposition[6.1]require only that y(0) =
po and RY) € Cp(R7), both of which hold here. Hence, in view of the derivation

leading to (6.13)), we get (6.16) as soon as

(6.28) sup 1% ((y.8)) = o0

ges
for 78 (-) of (6.15). Furthermore, 78 ((y, g)) is finite only if the identity
(6.29) (v.8) (1) = (Wh)(1) = (v, 9)(0) + HE(y)(1) + h(VE(») (1))

holds for some % absolutely continuous. By assumption, there exists g € 7 for
which the left-hand side of (6.29) is not absolutely continuous on [0, 7']. In con-
trast, both H& (y)(-) and V& (y)(-) are absolutely continuous for any g and y, hence
so is the right-hand side of (6.29) for any absolutely continuous /, resulting with

©28). O

We conclude by showing the exponential tightness of {p : N € N}.

PROPOSITION 6.3. Under Assumption a)—(c), the sequence {pN } is exponen-
tially tight on €. That is, for any finite M there exists a compact Ky C € for
which

(6.30) lim sup 1 logP (o ¢ Kn) < —M.
N—oc0 N
PROOF. In view of it suffices to confirm the criterion for exponential
tightness given in [9, lemma A.2]. Specifically, this amounts to showing as Step 1
that {p™ (1) : N € N} is exponentially tight on (M;(R), dr) for each fixed ¢ €
[0, T'] (rational), and then proving as Step 2 that, for any fixed € > 0, one has

1
(6.31) lim sup — logP( sup dr(p" (s),p" (t)) > §) = —o0.
k{0 NeN ()lss,t|§T,
t—s|<k

Step 1. By Prokhorov’s theorem, the set
la € Mi(R) : (. ¢) = C}
is precompact in (M1(R), dy) for ¢(x) = |x| and any C finite. Hence, to prove
our first assertion, it suffices to show that for some C = C(M,T) < o

(6.32) lim sup 1 log sup P((pN(t),¢) >2C) <—M.

N—>oo t€[0,T]

To this end, from (6.24) we have that sup y (0" (0), ¢) < Cy finite, hence with

t
633) Zi(t) = /0 0 (F o oy (X (7)) AW (1),
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it follows by Markov’s inequality, that for any C > Co + T||6||co
N

PV 0.9) > 20) =73 0] > 20N )

i=1

N N o))
(6.34) < P(Z|Zi(l)| > CN) < e CN supIE|:1_[ ez’ (t)l],

i=1 {u;}

j=1

The supremum here is over the same collection of simple adapted processes {u; }
we considered in (6.21)) and with ZJ(.uj )(t) as in (6.20). By the same argument we
have used en route to (6.22)), it suffices to consider the situation where each process
u; is adapted to the filtration generated by the Brownian motion ;. Consequently,
the preceding upper bound simplifies to

(uyp)
(6.35) P((pN (1), ¢) > 2C) < e N sup E[e/Z1 OV,
uj

where the supremum is now over all [inf ¢, sup ¢]-valued processes u1 adapted to

the filtration generated by W;. Viewing such a process Z iu‘)(t) as a time-changed
standard Brownian motion f results in

(uyp)
supE[e'Zl l (t)I] <E[exp(  sup 1B(r)D] < oo,
Ui ref0,2¢]|Alloo]
which together with (6.35) yields (6.32).

Step 2. First note that for dpr,(-,-) of (6.12), Z;(¢) of (6.33), and any s, €
[0, 77,

1
5L (o (s), o (1)) < dL (PN (5), o7 (1))

N
1
(6.36) = NZUG(I)—XI'(S)I

i=1

N
1
< 5 2 1Zi0) = Zis) + It = s1blloo
i=1
(see [13, proof of theorem 11.3.3] for the leftmost inequality). Thus, we have
as soon as we show that, for

osc(Z;k, T)y= sup {|Z(t)—Z(s)|}

0<s,t<T,
[t—s|<k

and any fixed 1,6 > 0,

N
) 1
(6.37) lim sup ﬁlOgP(Z osc(Zi;k,T) > 8N) < —A8.

k{0 NeN =
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As for the proof of (6.37), similarly to the derivation of (6.34) and (6.35)), by
Markov’s inequality we have that

il N (u;)
IP’(Z osc(Zi:k,T) > SN) < e N gup E[n phose(Z; ;x,T)}
i=1 {u;}

j=1
(638) E e_ASN (SUPE[BA OSC(ZY”);'GT)])N’
ui

where the latter supremum is over all [inf o, sup o]-valued processes 11 adapted
to the filtration generated by Wj. In addition, viewing the continous martingale

Z gul)(t) as a time-changed standard Brownian motion g, it follows by the same
reasoning we applied in Step 1 that

(6.39) sup E[ekosc(ZEuU;K,T)] < E[ek osc(ﬂ;2||A||OOK,2||A||OOT)].
ui

Now, since
osc(B;2[|Allook, 2| AllecT) =2 sup  {|B(N)I},
r€[0,2[AllooT]

which has finite exponential moments of all orders, by sample path continuity of
B and dominated convergence, the right-hand side of (6.39) decays to 1 as « | 0.

Thus, combining (6.39) and ([6.38)) results in (6.37), thereby completing the proof
of the proposition. U

7 Proof of Proposition [2.7]
We work throughout under parts (a)—(c) of Assumption|1.2)with ¢, = 1.

7.1 Proof of Part (a)

From [2| sec. 3] we have that in any solution of (I.I) the ordered particles
X1)(t) < Xo)(t) < -+ < X()(2) satisfy the SDS

1 1 .
(7.1) dX(;y(t) = b; dt +o0; d,Bj(l‘)—l—EdAj_l([)—EdAj(l‘), j=1,...,N,

for independent standard Brownian motions {8;} where Ag(t) = An(t) = 0
and A;(t) for j = 1,..., N — 1 denotes the local time at 0 accumulated by
the R 4 -valued path X(;11)(-) — X(;)(-) by time 7. It is also shown in [2, sec. 3]
that strong existence and uniqueness holds for the SDS (7.1)). We claim that, with
probability 1,

N

1 ~
(7.2) tl—)AN(t) = NZ‘XU)(I)_X(])(I)‘
Jj=1
is nonincreasing for any two strong solutions X and X of (7.1) driven by the same
Brownian motions {8, } (extending [22, inequality (15)] to arbitrary initial condi-

tions). Indeed, since # = (X(;)(¢)—X(;)(?)) is of bounded variation, its local time
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process at 0 vanishes. Thus, setting S; (¢) := sgn(X()(7) — f(j)(z)), we have by
Tanaka’s formula, followed by summation by parts, that

N

1 - -
dAN () = o D Si(0)(dAj—1(t) = dAj (1) — dAj 1 (1) + dA; (1))
j=1
1 -
(7.3) =N Y (S5 (@0) = ;1 (@) (dAj—1 (1) —dA;—1 (1))
j=2

Because X(;)(t) = X(;—_1)(¢) at times of increase of A;_1(¢) and f(j)(t) =
f(j_l)(t) at times of increase of Kj_l(t), it is easy to check, for j = 2,..., N
and all ¢ > 0, that

(Sj (1) = Sj—1(1)dA;_1 (1) <0 < (S;(t) — Sj—1(1))dA; 1 (1)

Hence, by (7.3) we have, as claimed, that dAy (z)~§ 0. Next, with p" and pV
denoting the paths of empirical measures of X and X, respectively, we see that for
any t > 0,

74 dpr(eV (). 5V (1) = An (1) < An(0) = Wi (p" (0), 5™ (0)),
where Wy (-, -) stands for the L;-Wasserstein distance on M7 (R):

Wilay,ap) ;= inf{ E[|Y; — Y2|] : Y1 ~ a1, Y2 ~ az}.
Further, as %dL (a1,2)? < dpr (a1, az) (see (6.36)), it follows from (7.4) that

%d(PNa )2 < wi(p™ (0). 5N (0)).

Fixing £, € we let p:£¢(0) be the empirical measure of X (H(0) =F~ Yy, JN )
withu; y = j/(N + 1) and F := F,c.c(g) a continuous CDF. By the precedlng,
we get (2.13)) upon showing that
(7.5) lim sup lim sup lim sup W; (o™ (0), pN’e’e (0)) = 0.

e—>0 {—o00 N—o0

We then complete the proof of part (a) by observing that

vl Mo = N—+1 Z! )|

(7.6) < /0 P Go)ldu = (x]. 75 0)).

which is finite since y*€(0) € MI(O) (R), whereas for N — oo and any fixed
x € R,

M€ (0) (o0, x]) = %L(N +DF(x)| > F(x).
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That is, as claimed our {p™-*:€(0)} satisfy Assumption c) (with ¢, = 0). In
particular,

(7.7) lim dpr(p""4(0). y*<(0)) = 0.
N—o0
Turning to proving (7.3)), recall that, for any k¥ > 1,
(7.8) Wi(ar.a2) < kdpp (o, az) + 3(|x[1)x)>¢. @1 + 02)

(for example, this follows from [|13} theorem 11.8.2]). From Assumption c) we
know that dgz. (p™ (0), y(0)) — 0 when N — oo, whereas dp1.(y(0), y*€(0)) —
0 when £ — oo followed by € — 0 (see (2.11))). Combining these facts with (7.7),
(7.8)), and the triangle inequality for dpr. (-, ), we get by showing that

(7.9) lim lim sup(|x|1x>, o~ (0)) = 0,

K—>o0 N—o00

(7.10) lim lim sup lim sup lim sup(|x|1l|x|>,c,pN’£’€(0)) =0.

K—>00 €—0 L—o00 N-—>o0

With sup y (|x|%, oY (0)) finite (see Assumption c), t« = 1), we obviously have
(79). As for (7.10), from (7.7) and y*<(0) having a density, we deduce that as
N — o0

(11T 1x1 2 255 0)) = (1X] 1 icr ¥E€(0)).
Further, when £ — 0o, € — 0, and then x — oo, we have by (2.10) that

1 ~ 1
(T v4O) = 5 (1272 + (162, ¥€(0) > 0,

which together with yields (7.10).
7.2 Proof of Part (b)

From part (a) we know that Assumption c) holds for 1, = 0, pV 4:€(0), and
pg’e = y£€(0), so we simplify notation by dropping hereafter the superscripts £, €.
That is, we fix y € ¢ with J (y) < oo (see Deﬁnition and (I.8), respectively),
having R = R™) ¢ C°(R7) () F3/2 (for F4 of (L7)), starting at R(0,x) =
Fp,(x), with Ry strictly positive on R7 and such that
_ Ri = (A(R)Rx)x

A(R)Rx
with x — h(z, x) uniformly Lipschitz continuous on R7. The functional on ¢

(7.11)

€ Cp(R7)

N 1 rT
(7.12) i =5 /0 (p. U(p)?)(s)ds.

with the continuous-in-time, bounded function on Rz
_ hARY) + b(RP)

Ulp) o(R®)

’

is then such that J~(y) = f()/) < 0.
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To prove the local large deviations lower bound (2.16) we introduce in Step 1 a
suitable change of measure to Q1 for which the relevant Radon-Nikodym deriva-
tive is at least e "N )16 ip the event {pV € B(y, )} (when N — oo followed
by § | 0), then verify in Step 2 the relevant LLN for p™ under Q. This step
relies on proving in Lemma that any limit point 7 of p™ has no atoms, from
which we deduce that the corresponding path of CDFs w = R solves the weak
form of the porous medium equation (I.10). The tilt / in the latter equation
is given by (7.I1), so R™) is one such solution, and the analysis of Lemma
guarantees its uniqueness.

Step 1. Since x — h(t, x) is a uniformly bounded, Lipschitz function on R,
there exists, for any ¢ € R, a probability measure QQ; under which, for i =
l,...,N,

t
X (1) = X; (0) + f VoY) (s, X (5))ds
(7.13) 0

t
+ /0 0 (Fyw (5 (Xi (5))) W1 (s),

with ¥4 (p) = b(R®)—qU(p)o(R®) and {Wiq} independent standard Brownian
motions. Furthermore, P = Qo and, similarly to (which has & = 0, i.e.
¥y = (1 —q)b(R)), by Girsanov’s theorem

d 2
% — exp(—qMN(T) - %(MNMT))’

with the continuous martingales

N
My =3 [ VM6 X0 a0 )

i=1

satisfying (My)(T) = 2Nf(pN) (see [24) theorem 3.5.1]). By the triangle in-
equality, for any p € B(y,§),

217 () —J ()| < sup
pEB(y,8)

T
/0 (0. U(p)? — U()>)(s)ds

(7.14) + sup
pEB(y,8)

T T
/ (p. U()?)(s)ds — / (. U (s)ds
0 0

Since b and o are bounded, Lipschitz functions, and /#, 0~ ! are uniformly bounded,
it is easy to check that U(p)? is a bounded, Lipschitz function of R®_ Conse-
quently, |[U(p)2 — U(y)?| < C|R® — R®)| for some finite C and all (¢, x) € R7.
Thus, from (6.8)) it follows that the first term on the right-hand side of con-
verges to 0 as § | 0. Further, with & and R?) in Cp,(R7), also U(y)? € Cp(R7).
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Hence, by dominated convergence, the functional £ fOT (£, U(y)?)(s)ds is con-
tinuous on %, and the second term on the right-hand side of (7.14) also converges
to 0 as § | 0. We conclude that, for any fixed € > 0 and all § < §¢(€),

1 ~

S(ME)T) = NI ()| < eN.

For such § < §gp(€),any p = ¢q/(q—1) > 1,¢q > 1,and all N € N, we thus have
by Hoélder’s inequality that

Q1(p" € B(y.9))
= P[e—MV (T)—%(My)

(7.15) oV e B(y§) =

T
Dlion ]
_ _4q 1
< P[e aMn (T) 2<MN)(T)ﬂ{pN€B(y,8)}] /qP(,ON c B()/,(S))l/p

< e(q—l)N(f<y)+e)P[e—qMN(T)—§<MN><T>]1/‘1P(pN € B(y,8))'/?

= aINTDHO[Q, (1) 7P (o € B(y.8)'/”.

) Consider % log(+) of both sides, taking first N — oo followed by é | 0, to find
that

1 A
limliminfﬁ logP (oY € B(y.8)) > —q(J () + €)

540 N—00
for any € > 0, ¢ > 1 (hence (2.16) holds), provided that
(7.16) lim Qi(oY € B(y.,8)) = 1.
N—oo

Step 2. To prove (7.16)), recall that Q; corresponds to {X; (¢)} of for drift
Vi1(p) = —hA(R®) and, for each N € N, let Oy denote the law of p" un-
der Q1. One then deduces the uniform tightness, and hence precompactness, of
the collection {Q y} in the space of probability measures on %. Indeed, Steps 1
and 2 of the proof of [36, theorem 1.1] rely only on a general compactness criterion
for subsets of ¥ (taken from [[16, lemma 1.3]), so they can be carried out mutatis
mutandis, appealing here to boundedness of the drift and diffusion coefficients in
(in place of boundedness of the corresponding coefficients in the dynamics
treated in [36| theorem 1.1]). Moreover, since p? (0) — po = ¥(0, - ), the compu-
tations there that involve the initial conditions can be omitted here. To prove (7.16)),
it thus suffices to show that the atomic measure §, is the only possible limit point
of the sequence {Q y }. Alternatively, passing to the relevant subsequence and uti-
lizing the Skorokhod representation theorem in the form of [|12] theorem 3.5.1], we
can and shall assume that the variables p?V, N € N, are defined on the same prob-
ability space and converge almost surely in 4, when N — oo, to some limiting
variable y. Thus, the task of proving amounts to showing that y = y with
probability 1.

To this end, fixing g € . and replacing hereafter b(R®) by —h A(R®) in the
definition of %£ g, note that the left-hand side of the identity (6.2) converges with
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probability 1, as N — oo to (¥, 2)(t) — (po. g(0)) for all ¢ € [0, T]. We claim
that with probability 1 the right-hand side of (6.2) converges to |, Ol H& (y)(s)ds and
consequently for all ¢ € [0, T],

t A
(717 (7.8)@) — (po, g(0)) = /0 (7. gt + (gxx — hgx) A(RD))(s)ds.

Indeed, recall that V& (o™ )(T) is uniformly bounded by C = 2T | Ag2 || oo fi-
nite, so (M f\’,)(T) < C/N and, with probability 1, the continuous martingale
M f\', (t) — 0 uniformly over [0, T'] (for example, combine the Burkholder-Davis-
Gundy inequality, as in [24} theorem 3.3.28], with the Borel-Cantelli lemma). Fur-
thermore, we show in Lemma that with probability 1 R @ ¢ Cp(R7), from
which one deduces as in the derivation of (6.8)), that with probability 1

T
lim f (N |Fpn — RP))(s)ds = 0.
N—o0 0

Since R®) ¢ Cp(R7), also L%’?g € Cp(R7). Thus, with gy and gy, bounded,
the preceding convergence to 0 implies, as in the derivation of (6.10), that with
probability 1

T
Jim /0 [HE (V) (s) — HE(7)(s)]ds = 0,

thereby completing the proof of (7.17).

Now, setting w = RY) and having hold with probability 1 for all g in a
countable dense subset of ., we deduce that holds for all g € ., which
amounts after integration by parts over R to

(7.18) /(fw)(t,x)dx — /(fw)(O,x)dx =
R R

/ Lfow + fexSw) — (hf ) = (w)ldm,

R,

holding for w(0, x) = Fp,(x) and all f = gy € 57x Here X (w) = wa A(r)dr
and &y is well-defined (m-a.e.), since x — h(z, x) is a Lipschitz function. Note
that, for w € C2(Rr), further integration by parts (to eliminate all derivatives
of f) confirms that this is equivalent to w solving the porous medium equation
(T.10) (with initial condition Fp,). In view of one such solutionis w = R®);
hence with probability 1, ¥ = y provided we establish the uniqueness of such a
generalized solution. In conclusion, all that remains for establishing Proposition
[2.7)is to prove the following two lemmas.

LEMMA 7.1. Consider for y1(p) = —hA(R®)) the unique weak solution of
(713), and suppose that 7 is an a.s. limit point in € of p". Then, with proba-
bility 1 the probability measures y (t,-) have no atoms for all t € [0, T].
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LEMMA 7.2. Suppose h € Cp(Rr) with x — h(t, x) uniformly Lipschitz on
R, for which (T.10) has a bounded classical solution R = u € C12(R7) with
u(0,x) = Fpy(x). It is then the only solution w € Cp(R7) of with such
initial conditions for which w(t, -) are CDFs of some path in €.

PROOF OF LEMMA [Z.Il When proving Proposition we first removed the
drift H(R®) thanks to the bound (6.18), which applies for any uniformly bounded
drift. Using the same argument for the measure Q; with bounded drift —hA(R®)),
we conclude as in case (a) of the proof of Proposition that, for any € > 0 and
some § = §(¢) € (0, ¢),

1
(7.19) limsup —log sup Qi1 (p™ (s)([y — 38,y + 38]) =€) < —1.
N—oc0 s€[0,T],
yeR
Similarly, Step 1 and Step 2 of the proof of Proposition [6.3] apply whenever the
drift is uniformly bounded; hence, for any §,¢ > 0, some M = M(¢) finite, and
k(8) > 0,

1
(7.20) limsup — log sup Qq(p™ (s5)([-M, M]) <1—¢€) < —1,
N —o00 s€[0,T]
1
(7.21) limsup —logQ1( sup dr(p™(s),p" (1)) > §) < —1
N—oo N 0<s,t<T,
[t—s|<k

(see (6.32) and (6.31)), respectively). Fixing §(¢) > 0 and M (¢) finite, then «(§) >
0, consider (7.19) and (7.20) at all {s; : i < m} on a finite k-net in [0, 7] and all
{y; : j < {}in a finite §-net within [—(M + 26§), (M + 26§)] to conclude by (7.21)
and the Borel-Cantelli lemma that with probability 1 for all N large enough,

sup sup{p™ (s;)([y =28,y + 28]} <,

1<i<myeR

sup inf {dp(p" (s1). p™ (1))} < 6.

tefo, 7] 1=i=m

Consequently, as in (6.9),

sup sup {p" (1) ([y — 8,y + 8])} < 3e.
t€[0,T] yeR

Combining this with the Portmanteau theorem, we infer that, for every € > 0,
there exists a § > 0 such that for any limit point 7 of p, with probability 1,

sup sup Y(1)((y =8,y +9))
t€[0,T]yeR

< sup supliminfpN (@)((y =68,y + 8))
t€[0,T]yeR N—o0

<limsup sup sup{p™ (")((y =8,y + §))} < 3e.
N—oo0 t€[0,T]yeR
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This shows that with probability 1 the path of measures y has no atoms of mass at
least 3¢, and taking € | O finishes the proof of the lemma. O

PROOF OF LEMMA L2l First, note that if (7.18) holds for w(z, -) which are the
CDFs of some path in % and all f € yx, then it further holds for all f e 7.
Indeed, for any such f there exist f € Y coinciding with f on [0 T x[—k, o0)

such that both supy, || fx — f”Wll’z(Rr) and supy , || fk(2,+) — f(t, M w) are
finite. Thus, with x — h(x,t) uniformly bounded, globally Lipschitz on Ry and
Z(w) = [ Alloow, it follows from (3.1) that the value each side of takes for
fr converges as k — oo to its value for f, thereby extending the scope of
to all of .%. The latter identity involves only (f, fz, fx, fxx) and hence holds for
any f € C&*(Ry). In addition, setting K, = [0, 7] x [—r, r], the identity (7.18)
applies for any f € C12(K,) such that f(s,4r) = 0 for all s € [0,¢] provided
one adds to its left-hand side the boundary term

/O (Sw) f)(s.r7) — (E) fi) (5. —r)lds

(which takes into account the jump discontinuity of fy at dK,). That is, w(z, x) is
a generalized solution of the (CP) problem as in 11, def. 1.1] except for replacing
the term f5b(w) there by (hf), X (w). The uniqueness of such nonnegative w €
Cp(R7), starting at the nonnegative w(0, x) = u(0, x) € Cp(R), thus follows by
adapting the proof of [[11, theorem 4.2 (1)] to handle / £ 1.

To this end, we modify hereafter as above and prove the analogue of [11],
(4.2)]. That is, we call w a subsolution if the right-hand side of is greater
than or equal to its (modified) left-hand side for every nonnegative f € C 1'2(K,),
any r > 0, and all ¢ € (0, T'], while w is a supersolution when the corresponding
left-hand side is greater than or equal to the right-hand side for any such f,r,¢.
It then suffices to show that for some ¢ = c(h) finite, any supersolution w, all
t €[0,T],£ € (0,00), and [0, 1]-valued w € CZ°([-, £]),

(7.22) /(u(t, x)—w(t, x))wx)dx <c /(u(O, x) —w(0, x))+ dx,
R R

where the same inequality holds with u — w replaced by w — u for any subsolu-
tion w. Indeed, by definition of a supersolution (or subsolution), the right-hand side
of is 0. Hence, choosing w(x) as smooth approximations of 1, x)>w(z,x)
on (—¢,{) and sending £ — oo, we deduce that m-a.e. u < w for supersolutions
and u > w for subsolutions, yielding the stated uniqueness of the solution w. Fix-
ing ¢, £, and w, we prove for a given supersolution w (exchanging the roles
of u and w then yields the proof for subsolutions). As in the proof of [11, (4.2)],
for f = @7 n r > £ + 1 that solve suitable linear parabolic first boundary
value problems, we bound the difference between the leftmost terms of for
u and w. Taking n — oo followed by r — oo then yields (7.22).
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Specifically, note that X (1) — X (w) = (u — w) A, where

1
Ay = /0 A(tu + (1 — )w)dr

is in Cp(R7) and A, > a > 0. Hence, there exist uniformly bounded smooth
functions (A4, By, Cy) such that A, | A, and B, | B« = —hA. € Cp(R7),
uniformly on R, whereas m-a.e. C;, - C. = hyA,.. Now, consider, for each
nand r > £ + 1, the unique classical solution f®7) e C L.2(K9) of the first
boundary value problem

Lnf = fi+Anfix + Bufx—Cunf =0 on (0,7) x (=r,r),
(7.23) f(t,x) =wkx), xel[-rr],
f(s,—r) = f(s,r) =0, s € [0,1].

With A,, bounded away from 0, the existence and uniqueness of such a solution for
is well-known (see, e.g., [29, chap. IV, theorem 5.2]), and furthermore, with
w > 0 also f(”’r) > 0.

Next, setting gni’r(s) = [fx("’r)(E (u) — X(w))](s, £r~), we use the test func-
tion f = £ in our modified to bound the left-hand side of by

r t
(0.0) = w05+ £ "0, 005 = [ [t ) g, )]s

—-r

7.24
729 + / w—w)[ 8 (A — Ap) + £ (Ba — By) — f@7(Co — Cp)] dim.
K()

Recall the uniform boundedness of ¥ — w and the uniform convergence to 0 of
Ay — A, and B, — B,. Thus, similarly to the derivation of [11} (4.12)], the last
term of goes to 0 when n — oo, provided supy , , , F@®r)(s, x) < c finite
and both e, := ||fx(;’r)||L2(]Kr) and yp, := ||fx(n’r)||oo are uniformly bounded in n.
Taking then r — oo yields if in addition sup; , |g,jf’,(s)| — 0asr — oo.
Turning to prove the latter four estimates, assume first that m-a.e. i, > 0 and
hence C,, > 0 for all n and (s, x) € Ry. Then, with 4, > a > 0, the maximum
principle applies to the parabolic equation (see, e.g., [15} sec. 2.1, theorem
1], where our time direction is reversed compared to the setting there), resulting in
0< fmN( x) < sup, w(x) < 1forall n,r (asin [11, lemma 4.1, (i)]). Simi-
larly, taking « > sup,, ||An + | Bn| — Cn|lco and vE) = ) _ p(&E) for pE) =
etEx+k(=9) one has that . Z,v® > 0, while vV (s, £r) = —¢pF (s, £r) < 0
and vV®) (¢, x) = w(x) — ¢®) (¢, x) < 0. Hence, by the maximum principle, both
v(H) < 0and v(?) < 0, yielding the bound ") (s, x) < e*~1*l (asin [11, lemma
4.1, (i1)]). Equipped with this bound, we follow the proof of [11, lemma 4.1, (iii)].
Specifically, taking £ = y(r)eT** for y(r) = e!~®+DU=1D and constant
« > 1, which makes k2A4,, — k|By| — C, nonnegative on Ry for all #, results in
LvEE > 0 for vEE = &) + fand £ = £ Thus, the four functions
v(E).+ satisfy the maximum principle on each of the two components of K, \K,_1.



52 A.DEMBO ET AL.

Since f(s, £r) = f(t,x) = Owhen |x| > r—1, while | (s, £(r—1))| < e*+1-7,
by our choice of & ()| the maximum of v(*)% on the positive component of
K, \ K,_; is attained at x = r, where v(P:E(s,r) = £H)(r) is constant.
Hence, v(+) jE(s,r_) > 0, yielding that | fy(s,r7)| < keXet*t17. Similarly,
the maximum of v(™)% on the negative component of K, \ Kr 1 is attained at
x = —r, where v(7):% (s, —r) = £€)(=r) is constant. Hence, vx )(s —r7) <0,
$O | fr(s,—r7)| < ke¥etT177 and SUpg |gn (s)] — 0 when r — oco. Hav-
ing uniform ellipticity and (A4, By, C,) uniformly bounded, the uniform bound
on y, follows by applying [29, chap. III, theorem 11.1] in our setting. Finally, to
bound e, we multiply the linear PDE by fxx and integrate over K, as in
the proof of [[11, lemma 4.1, (v)]. Following the derivation after [[11} (4.10)], since

ft(n,r)(s’ +r) = 0, integration by parts of the term f; fy results in

1 r
/An( (”r)) dmfi/ o' (x)%dx

—r
725

/ (n r) f(n,r) _ anx(n,r))dm

Furthermore, K, is compact and C, f "), B, fx("’r) are uniformly bounded.
Hence, by the Cauchy-Schwarz inequality, the rightmost term of is bounded
by kzep for some k3 = ka(r,h) finite. In addition, the left-hand side of (7.23))
is at least ae , Whereas the first term on its right-hand side is some k1 = x1(w)
finite. Consequently, ae2

. This completes the proof in case 4, > 0. More generally, setting c=ce
for U > [[(Ca)—|loo, the function f:r) = V=1 f(.r) gagisfies with
C, = C, +v > 0. Thus, by the preceding sup f ") < csupf(”’) <c,
supy 5 o = €51 1B e — 038 7 — o0, and e, < el AL,

xn <c| fx n.r) ||co are both uniformly bounded in 7, as claimed. O

< k1 + K2ey, yielding the desired uniform bound on
vT
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